Volume 42 May 1956 Number § 


Proceedings of the 


National Academy 


of Sciences 
of the United States of America 





The Proceedings of the National Academy of Sciences 


OFFICERS OF THE ACADEMY 


DetLev W. Bronx 
President 


GrorcE W. CorNER 
Vice President 


Joun G. Kirk woop 
Foreign Secretary 


Hvuau L. DrypEn 
Home Secretary 


Wiiuiam J. Ropsins 
Treasurer 


EDITORIAL BOARD OF THE PROCEEDINGS 


WENDELL M. STANLEY 
Chairman 


Hvueu L. DrypEn, Home Secretary Joun G. Kirnxwoon, Foreign Secretary 
Epwin B. Witson, Managing Editor 


J. W. Beams G. W. BEADLE Gregory BREIT 
R. E. CLELAND E. A. Doisy L. C. Dunn 

W. W. Rusey G. C. Evans W. F. Lipsy 
Har.Low SHAPLEY C. H. GranamM J. VON NEUMANN 
F. E. TeERMAN J. T. ParreRson Pau WEIss 


Subscription price is $12.50 per volume (12 issues); the price of a single issue is $1.25. 
Make all remittances payable to The University of Chicago Press in U.S. currency or 
its equivalent. Authorized agent for the British Commonwealth, except North Amer- 
ica and Australasia: Cambridge University Press, Bentley House, 200 Euston Road, 
London, N. W. 1, England. 


Editorial correspondence should be addressed to the ProceepiNGs of the NATIONAL 
AcaDEMY oF Scrences, Attention Miss Mary D. Alexander, University of Chicago 
Press, 5750 Ellis Avenue, Chicago 37, Illinois. 


Business correspondence should be addressed to the Journals Division, University of 
Chicago Press, 5750 Ellis Avenue, Chicago 37, Illinois. 


Subscribers are requested to notify The University of Chicago Press and their local 
postmaster immediately of change of address. 


Microfilms of complete volumes of this journal are available to regular subscribers 
only and may be obtained at the end of the volume year from University Microfilms, 
313 N. First Street, Ann Arbor, Michigan. 


Entered as second-class matter June 21, 1920 at the Post-office at Easton, Pennsylvania, under the Act of August 
24, 1912. Accepted for mailing at a special rate of postage provided for in Section 1103, Act of October 3, 1917. 
Authorised June 18, 1920. 


PRINTED IN THB U. 8. A. 


Tue PROCEEDINGS OF THE NATIONAL ACADEMY OF SCIENCES 
is published for 
THE NATIONAL ACADEMY OF SCIENCES 
by 
THE UNIVERSITY OF CHICAGO PRESS 





Proceedings of the 


NATIONAL ACADEMY OF SCIENCES 





Volume 42. - Number 5 + May 15, 1956 


ON THE MECHANISM AND OPTICAL SPECIFICITY OF 
TRANSAMINATION REACTIONS 
By J. B. LONGENECKER AND ESMOND E. SNELL 
BIOCHEMICAL INSTITUTE AND DEPARTMENT OF CHEMISTRY, UNIVERSITY OF TEXAS 
AND CLAYTON FOUNDATION FOR RESEARCH, AUSTIN, TEXAS 


Communicated March 29, 1956 


The coenzymatic role of vitamin B, in biological transamination was first suspected 
when it was found! that pyridoxal underwent reversible nonenzymatic transamina- 
tion (reactions [1] and [2] below) with most amino acids to yield pyridoxamine and 
the corresponding keto acids. It was clear that summation of the reactions 


Pyridoxal + amino acid; = pyridoxamine + keto acid, 
Pyridoxamine + keto acid; = pyridoxal + amino acids, 
would yield 
Amino acid, + keto acid, = amino acid, + keto acid, 


a reversible transamination reaction fully analogous to those previously known? to 
occur in tissues and one in which pyridoxal and pyridoxamine would serve only as 
catalysts.'_ Experiments to test this premise* showed that pyridoxal phosphate was 
indeed required for enzymatic transaminations, and the scope of this enzymatic 
reaction is now known to be rather broad,‘ > in accord with the chemical reactivities 
demonstrated for pyridoxal and pyridoxamine.': ® 

In catalyzing reaction (3), pyridoxal first accepts an amino group, forming pyri- 
doxamine (reaction [1 ]); the latter then relinquishes this group to a suitable acceptor 
compound, regenerating pyridoxal (reaction [2]). Further studies of nonenzymatic 
transamination have shown metal ions to be obligatory catalysts of the reaction 
and have permitted formulation’ of a general mechanism for catalysis of various 
reactions of amino acids by pyridoxal. According to this mechanism, events 
occurring during reaction (1) can be illustrated schematically as in Figure 1, where 
M is an appropriate metal ion such as Cut. A similar sequence of events, in reverse 
order, then occurs during reaction (2); the summation of these individual reactions 
is reaction (3). In the corresponding enzymatic reaction, a pyridoxal phosphate 
enzyme and a pyridoxamine phosphate enzyme are visualized as replacing pyri- 
doxal and pyridoxamine, respectively, in equations (1) and (2).7: § 

There has been considerable reluctance to accept this “shuttle”? mechanism as 
an explanation for the action of pyridoxal phosphate in enzymatic transamination. 
This was based at first on the observation that although pyridoxal phosphate served 
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as coenzyme for the glutamic-aspartic transaminase, pyridoxamine phosphate 
did not.2 Subsequently it was shown" that the combination of apotransaminase 
with pyridoxamine phosphate was slower than that with pyridoxal phosphate; 
given sufficient time for this combination, both compounds activated the apotrans- 
aminase equally, a finding consistent with the proposed mechanism. Second, objec- 
tions to the mechanism have been raised: |! on the basis of unpublished experi- 
ments in the author’s laboratory,'® in which a partially purified apotransaminase 
(glutamate-aspartate) from pig heart was activated with a minimum amount of 
pyridoxal phosphate and then incubated with glutamate in the absence of a keto 


Amino acid 


H 
R-C-COO" 
NH3* 


M** 


HCO 
HOCH, A 07 











Nz CH 
H J 
Pyridoxal 


Pyridoxamine 
sd + 
HC NH3 


— 
Ns CH3 
M*t* 


R-C-COO" 
0 





Keto acid | 
F 


Fia. 1. 


acid. If (a) the enzyme had been sufficiently free of contaminating proteins capable 
of absorbing pyridoxal phosphate and (b) all the added pyridoxal phosphate had be- 
come attached to catalytically active centers of the apotransaminase, then clearly 
the enzyme-bound pyridoxal phosphate should have been largely converted to 
enzyme-bound pyridoxamine phosphate in accordance with reaction (1). Within 
the limits of error (ca. +20 per cent) of the differential microbiological assay 
applied, however, no such conversion occurred. While a positive result would have 
had significance, the negative result obtained provides no evidence against the pro- 
posed hypothesis, for conditions a and b above certainly were not fulfilled.'* Be- 
cause of this equivocal result, the experiment was not published, and it is unfortu- 
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nate that it has been cited as providing evidence against the proposed mechanism. 
When holotransaminases of high purity become available, this experiment should 
provide a critical test of the “shuttle” hypothesis. 

While there is thus no evidence against the proposed mechanism, it remains the 
only proposal that accounts satisfactorily for observed experimental results. These 
include (a) the demonstrated equivalence of pyridoxal phosphate and pyridoxamine 
phosphate as essential coenzymes of transamination;'? (b) the demonstration'* 
that the amino group of amino acid, is the same group that appears in amino acide 
(reaction [3]), that ammonia is not an intermediate, and that the amino group of 
N-labeled pyridoxamine appears in glutamate during transamination with a-keto- 
glutarate without the intermediate formation of ammonia; and (c) the occurrence 
of enzymatic transamination not only between amino acid, and keto acids (see 
eqs. [1] and [2]) but also (as shown by isotopic marking experiments) between 
amino acid, and keto acid; and between amino acids and keto acids."° The detailed 
formulation shown in Figure 1 also explains older data of Konikova et al.,'® showing 
exchange of the a-hydrogen of amino acids with that of water during enzymatic 
transamination, and also the more recent data of Hilton e¢ al.,!7 showing incorpora- 
tion of deuterium from heavy water into glutamate during enzymatic transamina- 
tion of aspartate with a-ketoglutarate. The latter workers found that the rate of 
exchange of the a-hydrogen of aspartate greatly exceeded the rate of transamina- 
tion; this is consistent with the proposed mechanism, for labilization of the a-hy- 
drogen, shown in Figure 1, Structure /, shift b, although prerequisite to transamina- 
tion, obviously may occur without the entire transamination sequence following. 
The latter workers also found” that if aspartate was incubated with enzyme in the 
absence of a-ketoglutarate, the rate at which the a-hydrogen was exchanged with 
the solvent was decreased by 95 per cent. Such a decrease is predicted by the 
proposed mechanism, for under these conditions most of the holotransaminase 
would be transformed to its pyridoxamine phosphate form (reaction {1]), and this 
form of the enzyme cannot react further with the amino acid, and thus labilize its 
a-hydrogen, until the pyridoxal phosphate form of the enzyme is regenerated by 
reaction (2), which is dependent upon the presence of keto acid. The shuttle 
mechanism proposed for the nonenzymatic transamination reaction is thus in 
qualitative agreement with all the currently available experimental evidence bear- 
ing on the mechanism of the enzymatic reaction, and, while future quantitative 
experiments undoubtedly will permit further refinements of the current picture, 
the general outline now appears reasonably well established. 


The model experiments suggest strongly that metal ions will prove obligatory 
components of the transaminases; however, evidence on this point is not available. 
Although it may be that the apoenzyme can in some way eliminate the necessity 
for metal ion, the avidity with which the metal component of many metalloenzymes 
is bound" is such that the absence of a metal component can be proved only by 
analysis of the purified enzyme. 

Mammalian transaminases so far examined are specific for the L-isomers of the 
amino acids. Recently, however, Thorne and co-workers!’ found separate pyri- 
doxal phosphate—dependent transaminases in Bacillus subtilis and B. anthracis that 
catalyze several reactions of the following type: 
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L-Aspartate + a-ketoglutarate = L-glutamate + oxaloacetate, (4) 
p-Aspartate + a-ketoglutarate = p-glutamate + oxaloacetate. (5) 

Limited optical specificity is shown by many metal chelate compounds;””: ?! if 
such specificity could be demonstrated®? in the model transamination systems, it 
would provide direct evidence for participation of the postulated intermediate 
metal chelate compounds in these reactions and perhaps aid in an understanding 
of the enzymatic reactions as well. For this purpose, reaction (3) between b- or 
L-alanine and a-ketoglutarate was followed at 100° and 37° C. All reaction mix- 
tures contained pyridoxal and Cu 11 ion as obligatory catalysts; for the reactions at 
37°, sterile solutions of the reaction components were mixed aseptically and incu- 
bated. The glutamic acid formed in a suitable aliquot of the reaction mixture was 
isolated by adsorption on a sulfonated polystyrene resin (Dowex 50, 300-500 mesh, 
H+ form, 2.2 & 30-em. column) and elution with 1.0 N HCl. The fraction re- 
covered between 210 and 270 ml. of the acid effluent contained chromatographically 
pure glutamic acid. It was evaporated to dryness in vacuo at room temperature and 
then dissolved in 6 N HCl at a concentration of approximately 20 mg./ml. The 
exact concentration of an aliquot was determined with ninhydrin,®* and the rota- 
tion of the solution determined in a Rudolph Model 80 polarimeter with the l-dm. 
cell. Rotations were duplicable to within +0.002°. Results (Tables 1 and 2) 


TABLE 1 


OPTICAL SPECIFICITY OF TRANSAMINATION BETWEEN ALANINE 
AND a-KETOGLUTARATE* 
Guiutamic Acip Propucep - - 
Temp ERA- L-Gluta- p-Gluta- 


ALANINE e 30 mate mate — 
IsOMER Se I a@ [a], (Per Cent) (Per Cent) 


—0.026 —1.3 47.7 52.3 
+ .020 +1.0 51.6 48.4 
00 0.0 50.0 50.0 
— .037 —2.0 46.7 5 
+0 .027 +1.4 52.3 
* The reaction mixture contained 50 eo p- or L-alanine, 10 mM pyridoxal, 15 mM a-ketoglutaric acid, and 1 


mM CuSO, in 0.05 M acetate buffer, oy 
+ 30 minutes at 100° or 8 days at 37° 


TABLE 2 


OPpTicaL SPECIFICITY OF TRANSAMINATION BETWEEN 
PHENYLALANINE AND a-KETOGLUTARATE* 
-Guiutamic Acip PropucepD . 
PHENYLAL- TEMPERA- L-Gluta- p-Gluta- 
ANINE PURE 9 mate mate 
ISOMER Ye } a (Per Cent) (Per Cent) 


0.94 +0 .038 i 55 44.9 
0.87 + .039 : 54 46.0 
2.54 + .030 52.6 47.4 
0.96 — .023 . 47 i 52.5 
1.15 —0.022 : 47.: 52.7 


* The reaction mixture contained 10 mM p- or L-phenylalanine, 10 mM pyridoxal, 15 mM a-ketoglutaric acid, 
1 mM CuSO, in 0.05 M acetate buffer, pH 4.8. 
+ 30 minutes at 100° or 8 days at 37° C. 


demonstrate optical specificity for the model reactions in the same direction, though 
not to the same extent, as that shown by the enzymatic reactions, extending still 
further the close eeadews between enzymatic and nonenzymatic reactions. The 
extent of asymmetric synthesis is not affected greatly by conducting the reaction 
at 37° rather than at 100°. 
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The participation of metal chelates combining pyridoxal, metal ion, and amino 
acid in a single intermediate complex as transitory intermediates in these non- 
» 4 as a logical necessity 


99 


enzymatic reactions has previously been postulated® 7: 
from indirect evidence. These experiments provide direct evidence for participa- 
tion of such complexes, for only in this way can the asymmetric intermediate neces- 
sary for production in excess of one enantiomorph of glutamic acid be provided. 
Although chelates of Type 7V (Fig. 2) may participate in the reaction, the amino 
acid cannot arise solely through transamination in chelates of this type, for these 
are not asymmetric. Intermediate chelates of Type V (Fig. 2), rendered asym- 
metric, e.g., by an L-substituent, also must participate. In the transformation, 


\ 
CHp 


N“ 


‘O0C_._-CHeCH,COO 


Fia. 2. 


Type V — Type V/ (Fig. 2), formation of the Lu-diastereoisomer is clearly favored 
(Tables 1 and 2); similarly, if the L-substituent in Type V is replaced by a pD-con- 
stituent, formation of the pp-isomer is favored, and, on isolation of the products, 
an excess of p-glutamic acid is obtained. In reaction mixtures of the type used 
here, where the reactive species are continually forming and hydrolyzing and where 
nothing is known of comparative stabilities of different possible chelates, little can 
be said concerning the exact structures of the catalytic species involved; Types 
VII and VIIT (Fig. 3) represent two structures of Type V that might occur in such 
solutions.”: *4 The concentrations of reactants used are such as to favor the 2:1 
ligand-metal chelates over the 1:1 variety. 
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If metals are also obligatory in enzymatic transamination, substituent L clearly 
could be the apoenzyme, and the optical specificity of the transaminase (indeed, 
of metalloenzymes in general) arise in part from this circumstance alone. A variety 
of metal ions, including hexaco-ordinate ones such as Fe 11 and Al 1, may partici- 
pate in nonenzymatic transamination, and it may be that the preferred configura- 


O 
H a 
CHs, | COO aan 


Fia. 3. 


tions of some of these is such (i.e., Lp rather than Lu for a tetraco-ordinate com- 
pound) as to permit extension of this idea to the p-transaminases as well.” The 
recent work of Bailar and co-workers*! provides additional examples of the pref- 
erential formation of one of several possible configurations of a given metal chelate; 
resolutions of amino acids obtained by them through application of this principle 
are similar in magnitude to the asymmetric syntheses shown in Tables | and 2. 

Summary.—Evidence bearing on the mechanism of enzymatic transamination is 
reviewed and is shown to be compatible at all points with the concept that the 
coenzyme of transamination functions alternately as an amino group acceptor and 
as an amino group donor. 

In the Cu m-pyridoxal—catalyzed nonenzymatic transamination between L- 
alanine (or L-phenylalanine) and a-ketoglutaric acid, an excess of L-glutamic acid 
is formed preferentially. Similarly, where p-alanine (or p-phenylalanine) is used, 
p-glutamic acid is formed in excess of L-glutamic acid. The observations provide 
direct evidence for the previously postulated participation of metal chelates as 
intermediates in these reactions and show that some of these chelates are asym- 
metric in structure. 

If, as suggested by the nonenzymatic experiments, bound metal ions participate 
in enzymatic transamination reactions, formation of similar asymmetric chelates 
between holoenzyme and substrate may explain in part the optical specificity of 
these enzymatic reactions. 
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THE DISTRIBUTION OF POLIO ANTIBODIES IN SERUM PROTEINS 


By Serce N. TIMasHerr,* ARDEN W. Moyer, RaymMonp A. Brown, AND 
Joun G. KirKwoop 


STERLING CHEMISTRY LABORATORY, YALE UNIVERSITY, NEW HAVEN, CONNECTICUT, f AND VIRAL 
AND RICKETTSIAL SECTION, RESEARCH DIVISION, AMERICAN CYANAMID COMPANY, 
LEDERLE LABORATORIES, PEAP. RIVER, NEW YORK 


Communicated March 5, 1956 


In recent years a number of studies on the distribution of antibodies in various 
types of antisera, carried out by the method of electrophoresis-convection, have 
shown that there is no simple pattern in the distribution of these substances.!~4 
Thus, while most antibodies are found in the gamma globulins, in some cases they 
extend into the beta and even into the alpha globulins.! Furthermore, each type 
of antibody may be present in a single sharp serum fraction,’ or it may have a broad 
and at times bimodal distribution.! Therefore, before asserting that a certain 
specific antibody is present in gamma globulin, as is often the practice, it would 
seem necessary to determine the exact serum component in which it is present. 

It is with this purpose in mind that the present investigation on the distribution of 


polio antibodies in two types of antisera has been carried out. The first serum was a 


pooled hyperimmune monkey serum obtained from monkeys which had received 
several intramuscular injections of hamster brain and cord containing a Type II live 
attenuated virus. The second serum was obtained from a single human donor who 
had high immunity titers against all three principal types of poliomyelitis. This was 
chosen for fractionation after the screening in tissue culture of a number of natu- 
rally immune human sera. 

The fractionations were performed by the method of electrophoresis-convection.° 
The serum fractionation was carried through seven stages of progressively decreas- 
ing pH, the last bottom fraction in each case being further resolved by precipitation 
with half-saturated ammonium sulfate. In each case the serum was diluted in half 
and adjusted to pH 8.1 by dialyzing it in the cold for 48 hours against a phosphate 
buffer of that pH and of 0.1 ionic strength. Two hundred and forty milliliters of this 
solution were then introduced into the eleetrophoresis-convection cells, and a field 
strength of 2.5 volts/em was applied at 3°-4° C. After 48 hours the contents of the 
top reservoir were removed as Top 1, while the remainder was diluted to 240 ml. and 
adjusted to pH 7.5 by dialysis and again fractionated in a similar manner. This pro- 
cedure was repeated seven times, as shown in Figure 1. The concentration of each 
fraction was determined by nitrogen analysis according to the method of Koch and 
McMeekin.® The fractions were divided into two portions: half was concentrated 
by pervaporation and used for electrophoretic analysis, and the rest was lyophilized 
and used for serological analyses. 

Electrophoretic analyses were carried out in a Klett-Tiselius electrophoresis ap- 
paratus at 2°. The experiments were performed in a barbital buffer, pH 8.6 and 
jonic strength 0.1, at a field strength of 8 volts/em for 2 hours, the concentration of 
the samples being between 0.8 and 2.0 per cent. 

For the neutralization tests, all the fractions were dissolved in buffered saline to 
give a volume equivalent to the original serum. The fractions or sera were mixed 
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with an equal volume of a 20 per cent virus suspension or tenfold dilutions thereof. 
The Type II virus dilutions in antiserum were held for 1 hour at 37° before injec- 
tion and the Type I for 1 hour at 25°. Groups of five or six mice weighing 12-14 
gm. were injected with each virus dilution. Three hundredths of a milliliter was in- 
jected intracerebrally in the Type II titrations and 0.02 ml. intraspinally for the 
Type I. Daily observations were recorded for 21 days. The virus titers in the pres- 
ence of the various sera and fractions were calculated by the method of Reed and 
Muench.’ The Type I virus used was a rodent-adapted strain received from Dr. 
Koprowski® in which suspensions were made from mouse spinal cord. The Type II 
virus used was a suckling rodent virus derived from the “‘A’’ hamster strain previ- 
ously reported.’ Brain and cord suspensions were used. 


SERUM FRACTIONATION FLOW SCHEME 


ORIGINAL SERUM 
PO4; pH=8.1; 7=0.1 
BI 


| PO4i pH=7.5; "A=0.1 
T2 B2 
| PO,g; pH=7.0; "h=0.1 
13 B3 
[POs pH= 6.5: =0.1 
14 B4 





| PO,4: pH= 6.0; Ya=0.1 
TS B5 
| PO4i pH 5.5; 4=0.1 
16 B6 
[acerate: pH 5.2; %=0.1 
87 17 
| (NH4)> SQ4; Vo sat. 
ppt. SUPERNATANT 
B7G B7A 


Fic. 1.—Flow diagram of the serum fractionation by electrophoresis-convection. 


The apparent electrophoretic compositions of the fractions, as well as the protein 
content of each, are given in Table 1 for the monkey serum and in Table 2 for the 
human serum. The serological data are presented in Tables 3 and 4. In Figures 2 
and 3 the relative activities of the fractions are compared graphically." In each 
case the dashed line represents the activity of the original serum. 

It is obvious that the amount of virus neutralized by a fraction increases with the 
amount of antibody present. As an approximation it is convenient to assume that 
the amount of antibody present is a linear function of the quantity of virus neu- 
tralized. The third and sixth columns of Table 3 and the third column of Table 4, 
comparing the relative activities of the fractions, have been calculated using this as- 
sumption. Also on the basis of this assumption, the specific activity of the frac- 
tions has been defined as the ratio of the activity of the fraction to the activity of the 
total serum, divided by the amount of protein (in milligrams) in the fraction. 
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Although one must interpret the data with caution, since the experimental error is 
large and the approximation used in calculating the relative activities may be a poor 
one, certain patterns emerge in each fractionation. 

From these data it can be seen that in the case of the monkey serum, although pro- 
tective activity is present throughout the globulin fractions,!! it is most highly con- 
centrated in fraction 5, whose specific activity is 39 times that of the original serum. 
This fraction contains 96 per cent of a component with an electrophoretic mobility 
of —2.35 cm?/see volt. A serum component with a mobility of —2.35 lies exactly 
between the mean mobilities of yi- and 6:-globulins. It is difficult to assign it to 
either one of these two types of globulin unequivocally. A material balance analysis, 


TABLE 3 


Activiry oF PoLio-IMMUNE HUMAN SeruUM FRACTIONS 


Tyre II Type I-— - 
Specific Specific 
Relative Activityt Relative Activityt 
FRACTION sDso Activityt x 104 Doo Activity* x 104 


Immune serum > 00 1.4 < 1.00 
Tl 3. 


4 
0.10 
0.10 
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é 16 5 
T2 3.6 00 2: 
T3 2 20 
T4 os 02 L. 
T5 01 <0. 
T6 5.8 <0.01 <0 
"ke 5.0 03 0 
B7G >6.0 0 
B7A Toxie 
Normal serum 5.8 
Recovery of activity 190 per cent 150 per cent 

* The relative activity is defined as the ratio of the activity of the fraction to that of the original serum. 

, +t The specific activity is defined as the relative activity divided by the number of milligrams of protein in the 
raction. 


x 
BE 
Sone. 
LO eon 


Om me 16 


L 


OO = COND Hm ~100 
Nn 


~TS) 
th 
wen! 


wwe 

cooe 
=> 
> 


TABLE 4 
Activity OF PoLio-IMMUNE MONKEY SERUM FRACTIONS 
Specific Specific 


LDs0 Relative Activity LDe Relative Activity 
Fraction Type II Activity x 104 Fraction Type II Activity x 104 
Immune serum 2.8 1.00 , T6 3.0 0.60 18.9 
Tl 3.: 0.25 ¢ Yi 0.01 0.7 
T2 3 0.25 : B7G 1.00 6.3 
T3 3 0.138 9.8 B7A 0.01 0.1 
T4 3 0.10 B22 Normal serum 1.6 
T5 2.8 1.00 3) ae Recovery of 
activity 340 per cent 


however, suggests that this component probably should be assigned to the group of 
8-globulins. 

As the results indicate, in the human serum each of the two activities is highly 
concentrated in one single fraction. The Type II activity is present in the slowly 
migrating y-globulin, since Top 1 is 37 times as active as the original serum, while 
Top 2 is 17 times as active and Top 3 is 5 times as active. None of the other frac- 
tions display any increase in activity. The anti~l'ype I-~Mahoney antibody appears 
to be concentrated in Top 4, which is 43 times more active than the original serum. 
Electrophoretically, this fraction is composed principally of y-globulin of intermedi- 
ate mobility (— 1.71 em?/see volt for Top 4). Again, none of the other fractions ex- 
hibit any large activity. 
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In both cases the activity distribution presents definite patterns. In the human 
polio-immune serum it is found that in a single individual the antibodies against two 
strains of polio virus are found in different components of the y-globulins and can be 
partially separated and concentrated by means of electrophoresis-convection. Thus, 
while the relative activities of the two antibodies are approximately equal in the 
original serum, the Type II activity is 11.5 times greater than the anti-Type I in 
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Fig. 3.—Relative specific activities of the monkey polio-immune 
serum fractions. (The specific activity of the original serum is shown 
by the dashed line. ) 























Top 1, while in Top 4 the anti-Type I activity exceeds Type II by a factor of 50. This 
finding is similar to the previous one with Rh antibodies,! where it was found that 
the different types of such antibodies were present in different components of serum. 
In that case, however, the distribution was very broad and no effective separation 
could be obtained. A separation had been obtained in the case of rabbit anti-azo- 
arsonic bovine y-globulin antibodies between the anti-R and antiglobulin anti- 


bodies.’ 


Fic. 2.—Relative specific activities of the human polio-immune serum fractions. A: anti- 
Type II activity; B: anti-Type I activity. (The specific activity of the original serum is shown 
by the dashed line.) 
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The presence of the monkey antipolio antibodies in the 6-globulin fraction with a 
mobility of —2.35 is similar to previous findings in the case of reagic antibodies,* the 
activity of which has been found to vary directly with the contents of 8-globulin of 
the fractions. 

Summary.—A monkey and a human polio-immune serum have been fractionated 


by the method of electrophoresis-convection. In the case of the monkey serum the 


activity was concentrated principally in a slow-migrating 8-globulin component. 
In the human, the activities against two strains of polio were present in different 
components of y-globulin. Considerable separation and purification (up to 40- 
fold) of the two antibodies have been achieved as a result of the fractionation. 


The authors wish to thank Mr. Jack Black for donating the human serum, Mrs. 
Marta Shapiro for her very able performance of the electrophoretic analyses, and 
Mr. Thomas Norton for screening the human sera in tissue culture. 


* Present address: Eastern Regional Research Laboratory, Philadelphia 18, Pennsylvania. 

+ Contribution No. 1364 from the Sterling Chemistry Laboratory. This investigation was 
supported in part by the Office of Naval Research, Contract No. NONR 659(00). It was pre- 
sented in part at the one hundred and twenty-ninth meeting of the American Chemical Society, 
Dallas, Texas, April, 1956 

1J. R. Cann, R. A. Brown, J. G. Kirkwood, P. Sturgeon, and D. W. Clarke, J. Zmmunol., 
68, 243, 1952. 

2 J. R. Cann, D. H. Campbell, R. A. Brown, and J. G. Kirkwood, J. Am. Chem. Soc., 73, 4611, 
1951. 

3M. H. Loveless and J. R. Cann, J. Immunol., 72, 270, 1954. 

‘D. H. Campbell, J. R. Cann, T. B. Friedman, and R. A. Brown, Science, 119, 289, 1954. 

5 J. R. Cann, J. G. Kirkwood, R. A. Brown, and O. J. Plesica, J. Am. Chem. Soc., 71, 1603, 
1949. 

6 F.C. Koch and T. L. MeMeekin, J. Am. Chem. Soc., 46, 2066, 1924. 

7L. J. Reed and H. A. Muench, Am. J. Hyg., 27, 493, 1938. 

* H. Koprowski, G. A. Jervis, T. W. Norton, and K. Pfeister, Proc. Soc. Exptl. Biol. Med., 
86, 238, 1954. 

9 A.W. Moyer, C. Accorti, and H. R. Cox, Proc. Soc. Exptl. Biol. Med., 81, 513, 1952. 

0 The designations B7?7G and B7A stand, respectively, for the globulin-rich and albumin-rich 
fractions obtained in the ammonium sulfate fractionation of the last bottom fraction. 

1! Top 7 was completely inactive. There is strong evidence, however, that this fraction had 
become denatured in the course of lyophilization. 


MICROWAVE ABSORPTION AND MOLECULAR STRUCTURE 
IN LIQUIDS. XVII. DIELECTRIC RELAXATION TIMES AND 
SHAPES OF RIGID MOLECULES* 


By CHARLES P. SMyTH 


FRICK CHEMICAL LABORATORY, PRINCETON UNIVERSITY, PRINCETON, NEW JERSEY 
Communicated March 13, 1956 


The measurement of dielectric relaxation time provides a means of investigating 
molecular motion and intermolecular action in liquids. The relaxation time r,, is 
the time required after the removal of an externally applied electric field for the 
polarization of a dielectric to fall to 1/e of its initial value. 
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where f,, is the critical frequency at which the dielectric loss isa maximum. In the 
original treatment of Debye,! this macroscopic quantity was related to a micro- 
scopic or molecular relaxation time differing from the macroscopic by a factor de- 
pending upon the internal field. Although the internal field factor is large for liquids 
of high dielectric constant in the Debye treatment, it has commonly been neglected. 
tecent treatments? have given a very approximate expression for the molecular 
relaxation time: 
9, a Ee (2) 
3€ 
in which eo is the static dielectric constant and €., is the optical dielectric constant. 
Measurements on certain molecules of known shapes and sizes have qualitatively 
supported this relationship.* 
In the Debye treatment! the relaxing or orienting dipolar molecule was assumed 
to be a sphere of radius a moving in a continuous viscous fluid of internal friction 
coefficient 7. The expression thus obtained for the molecular relaxation time, 


/ 3 
1, = roe (3) 


has been applied with varying degrees of success or failure, with the value of the 
directly measured macroscopic viscosity used instead of the coefficient of internal 
friction. It has been found that a rough proportionality between molecular re- 
laxation time and the macroscopic viscosity of the liquid frequently seems to ex- 
ist. 4 However, the relaxation time of a liquid tends to be much smaller than the 
value calculated from the viscosity and molecular radius, probably because the 
molecular motion involved in dipole orientation requires less translation of the 
molecules than is required in viscous flow. The equation has been applied to the 
nearly spherical molecules of tetrasubstituted methanes of known radius to calculate 
an internal friction coefficient or microscopic viscosity from the molecular relaxation 
time.’ The values thus obtained for several liquids are only 0.008 to 0.06 of the 
macroscopic viscosity, and there appears to be little parallelism between the internal 
friction coefficient and the macroscopic viscosity. Indeed, for a crystalline solid 
consisting of such molecules,® the apparent coefficient of internal friction is lower 
than that of the substance in the liquid state.® 

Five homologous series of compounds with more or less flexible molecules have 
been investigated. Interpretation of the results for alcohols’ is complicated by the 
existence of a relaxation process apparently associated with hydrogen bonding, 
which tends to obscure somewhat the high-frequency loss region arising from the 
rotational orientation of the molecules. For alkyl bromides,* aliphatic esters,* 
ethers,’ and ketones® ' the relaxation times have been found to increase with in- 
creasing chain length, though at different rates in different series. The fact that 
relaxation time may increase more slowly than would be expected from the increase 
in viscosity may arise, at least in part, from increase in dipole orientation by twist- 
ing around the carbon-carbon bonds of the chain. However, the relaxation times of 
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solutions’ have been found to increase so slowly with increase in solvent viscosity 
that the lag in the homologous series cannot definitely be attributed to internal di- 
pole orientation within the molecule. The increase with increase in solvent vis- 
cosity is somewhat irregular, as shown, for example, by higher relaxation times in 
benzene than in cyclohexane solution, although the viscosity of cyclohexane is 50 
per cent higher than that of benzene.’ 

Measurements on rigid molecules avoid the complication introduced by the pos- 
sibility of dipole orientation by intramolecular rotation. Viscosities and dielectric 
relaxation times calculated in the usual way"! from measured dielectric constants 
and losses for liquids consisting of such molecules are assembled in Table 1. Al- 
though the macroscopic relaxation times, 7,,, are adequate for most discussions, the 
values of the molecular relaxation time, 7,, calculated by means of equation (2), 
however approximate, give a somewhat better basis for a discussion of molecular be- 
havior. The relaxation times are calculated from measurements in the writer’s 
laboratory by Dr. R. C. Miller, Mr. A. J. Petro, and Mr. R. W. Rampolla and from 
previously published data.* ' 


TABLE 1 
VISCOSITIES (CENTIPOISES) AND RELAXATION TIMES 
(10-"! SEC.) AT 20° C. 
™M Ty n Tv 
Benzene 5 Pyridine 95 0.74 
CH; 5$ 62 4-CHs 94 1.33 
1,2-(CH3)2 ’ 1.0 0 2,6-(CHs )e 2.32 
oH 1.27 24 
(CH;)2.CH 7S 1.80 76 2,4,6-(CHs)s 9a 4.03 
Naphthalene 
F 58 0.60 49 1-CH; ‘ 6.69 
Cl 80 1.11 90 1-Cl K 5.84 
Br 16 1.80 50 1-Br ; 9.34 
I 62 2.76 2.39 Quinoline : 4.45 
CN 32 4.67 3.33 
NO 01 5.25 3.56 Isoquinoline 4.4 
VISCOSITIES (CENTIPOISES) AND RELAXATION TIMES 
(10-"" SEC.) AT 60° C. 
” ™M Th n 
Pyridine 58 0.48 0.36 Naphthalene os 
2,4,6-(CHs)s 58 2.33 1.82 1-CH,; 1.40 2.60 
2-CH; 1.26 3.32 
Trioxane 94 0.82 0.59 1-C] 1.34 2.49 
Paraldehyde 60 4.35 3.22 1-Br 2.05 3.61 
1-NO, 3.57 6.95 


The relaxation time of the benzene molecule cannot be determined directly, be- 
cause of the absence of a molecular dipole. As shown by the Stuart-Briegleb atomic 
models, fluorobenzene and pyridine depart only a little from the form of the sym- 
metrical benzene molecule, fluorobenzene showing a slight protrusion at the fluorine 
atom and pyridine a slight indentation at the nitrogen atom. The relaxation times 
of these molecules are nearly the same, although the measured viscosity of pyridine 
is 47 per cent larger than that of fluorobenzene. Attachment of a methyl group to 
benzene lowers the viscosity slightly from 0.65 to 0.59 centipoise, while a similar 
substitution in the 4-position of pyridine lowers the viscosity still less. The pro- 
trusion of the methyl group raises the molecular relaxation time of 4-methylpyridine 
83 per cent above that of pyridine. It is higher than that of the similarly shaped 
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toluene molecule by 56 per cent, as compared to a difference of 59 per cent in the 
viscosities. The substitution of methyl groups on the pyridine molecule in the 2- 
and 6- and in the 2-, 4-, and 6-positions alters the viscosity only slightly but raises 
the relaxation time greatly, so that 2,4,6-trimethylpyridine has a molecular re- 
laxation time about 6 times that of pyridine. Substitution on the side chain of the 
toluene molecule raises the viscosity by 15 per cent and doubles the relaxation time, 
but substitution of a second methyl group in the ortho position of toluene raises the 
viscosity by 37 per cent and the relaxation time by 59 per cent. The viscosity of 7- 
propylbenzene is 16 per cent higher than that of ethylbenzene, while the relaxation 
time is 42 per cent higher. 

In the monohalogenated benzenes, increasing size of the halogen and consequent 
increase in its polarizability and in the intermolecular forces increase both the vis- 
cosity and the molecular relaxation time. Benzonitrile and nitrobenzene, when com- 
pared to the monohalogenated benzenes, show somewhat longer relaxation times 
than would be expected on the basis of their viscosities and molecular volumes. 
Their larger dipole moments,!* 4.39 X 10~'S for benzonitrile and 4.21 & 10~' for 
nitrobenzene, may account for this through increased intermolecular action not 
adequately taken into account in the calculation of the molecular relaxation time by 
equation (2). In dilute solution in benzene, relaxation times have been found as fol- 
lows: chlorobenzene,'! 0.75; bromobenzene,'* ' 1.02; nitrobenzene,'* 1.15. The 
comparatively small differences between these values and between them and the 
value for toluene show the importance of the liquid viscosities and the dipole-dipole 
interactions in causing the much larger differences between the pure liquids shown 
in Table 1. 

The molecules of pyridine and s-trioxane are very similar to each other in size and 
shape, as ere those of 2,4,6-trimethylpyridine and paraldehyde, and three of the four 
liquids have almost identical viscosities. The molecular relaxation time of 2,4,6- 
trimethylpyridine is almost 6 times that of pyridine at 20° and 5 times it at 60°, be- 
cause of the larger size of its molecule and also because of the close-packing of the 
triangular slabs formed by the molecules. In these two molecules the molecular 
moment lies in the plane of the ring, but in s-trioxane and paraldehyde it is perpen- 
dicular to the ring. This difference produces a 64 per cent difference in relaxation 
times at 60° for the spheroidal pyridine and trioxane molecules and a larger dif- 
ference for the trimethyl derivatives. The relaxation time of paraldehyde is 2'/» 
times that of 2,4,6-trimethylpyridine at 20° and 77 per cent greater at 60°, pre- 
sumably because the roughly triangular molecules of paraldehyde have to turn over 
in order to orient in an applied electric field, thereby necessitating more displace- 
ment of neighboring molecules than is necessary in the case of the 2,4,6-trimethyl- 
pyridine molecules, which can orient by turning in the plane of the ring instead of out 
of it. 

The naphthalene molecule, like that of benzene, has no permanent dipole moment 
and does not, therefore, show a relaxation time for dipole orientation. However, the 
large, flat quinoline molecule gives a relaxation time at 20° about 6 times that of pyr- 


idine, while the viscosity of the liquid is about 4 times as large. The combined ef- 
fects of larger viscosity and larger molecular volume are evidently close to that pre- 
dicted by equation (3). If the rotational orientation of the molecule occurred about 
an axis through its geometric center, isoquinoline should have the same relaxation 
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time as quinoline, except for the effect of a slight increase in viscosity. The 66 per 
cent larger relaxation time of isoquinoline shows that this is not the case. In quin- 
oline the axis of the molecular dipole is nearly parallel to the short axis of the mole- 
cule in the plane of the rings, while, in isoquinoline, it makes an angle slightly less 
than 30° with the long axis in the plane of the rings. This effectively increases the 
radius of the orienting unit and, consequently, the observed critical wave lengths and 
relaxation times.* 

1-Methylnaphthalene and 2-methylnaphthalene, with an analogous difference in 
dipole location, show the same relationship as quinoline and isoquinoline, the re- 
laxation time of 2-methylnaphthalene at 60° being 50 per cent higher, although the 
viscosity is slightly lower. Although the viscosities of the two methylnaphthalenes 
are lower than those of the quinolines, the protrusion of the methy! group raises the 
relaxation time as it does in 4-methylpyridine as compared to pyridine. The re- 
laxation time of 1-chloronaphthalene is somewhat lower than that of 1-methylnaph- 
thalene, although its viscosity is slightly higher, and the relaxation time of chloro- 
benzene is higher than that of toluene, as is its viscosity. Since the size of the methy] 
group is close to that of the chlorine atom and possibly slightly larger, this is only 
a slight discrepancy. 1-Bromonaphthalene shows about the same increase in vis- 
cosity and relaxation time over those of 1-chioronaphthalene that bromobenzene 
shows over chlorobenzene. The increase in relaxation time of 1-nitronaphthalene 
at 60° over that of 1-bromonaphthalene is approximately proportional to the in- 
crease in viscosity. The relative increase from bromobenzene to nitrobenzene is 
somewhat greater, as would be expected. In heptane solution the relaxation time of 
1-bromonaphthalene"! is 1.3, and in benzene solution that of 1-nitronaphthalene'® 


is 2.3, values which are in approximately the same ratio as the viscosities of the two 


solvents. 

The results in Table 1 show a tendency of the molecular relaxation time and the 
viscosity to increase with increase in molecular size in a pure liquid and of the re- 
laxation time to increase with viscosity, as required by equation (3). However, 
many exceptions to this tendency occur, and it is possible that apparent increase in 
relaxation time with viscosity is simply the result of increase in molecular size, which 
also increases the viscosity. Although the attachment of a methyl group to a ring 
may not impede viscous flow and may even facilitate it, its protrusion impedes the 
molecular rotation necessary for orientation in an applied field and thus lengthens 
the relaxation time. The orientation of a dipole in an unsymmetrical molecule may 
determine the most probable direction of rotation of the molecule and thus may in- 
fluence the relaxation time. When polar molecules are surrounded by nonpolar ones, 
their relaxation times are influenced by the nature of the nonpolar molecules as well 
as by the viscosity of the liquid as a whole. If the polar molecules are nearly spheri- 
cal, the effect of the liquid viscosity is small. 

* This research has been supported in part by the United States Air Force through the Office 
of Scientific Research of the Air Research and Development Command. Reproduction, transla- 
tion, publication, use, or disposal in whole or in part by or for the United States Government is 
permitted. 
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THE MUTATION OF LINKED MAIZE ENDOSPERM LOCI INDUCED 
BY THERMAL-NEUTRON, X-, GAMMA, AND 
ULTRAVIOLET RADIATION* 


By Cavin F. Konzak AND W. RALPH SINGLETONT 
BROOKHAVEN NATIONAL LABORATORY, UPTON, LONG ISLAND, NEW YORK 


Communicated by S. A. Goudsmit, March 5, 1956 


In 1932, Stadler! first showed, through the use of linked genetic loci, that the 
spectrum of genetic effects induced by X-rays in maize included a high frequency 
of chromosomal deficiencies. Fabergé? later showed with the same endosperm 
mutation technique that ultraviolet radiation produces somewhat similar muta- 
tional effects. These included chromosomal deficiencies like those induced by X- 
rays; however, the relative proportion of the various mutant phenotypes was not 


necessarily the same. 

The present study was initiated to obtain additional evidence for similarities 
and differences in the quantitative response of marked genetic regions to several 
types of radiation. The maize endosperm mutation technique was utilized because 
it offers a simple means for detecting and comparing changes in specific chromosomal 
regions. It was hoped that the information gained would ultimately be useful in 
plant mutation programs. 

Materials and Methods.—A homozygous tester stock (BNL 130) possessing the 
dominant alleles A,, C, Pr, Sh,, She, and We was used as the pollen parent in all 
the experiments. The A, and She loci are genetically located 0.27 map unit apart 
near the end of the long arm of chromosome 3. Pr is located on chromosome 5. 
C, Sh,, and Wz are located on the short arm of chromosome 9, which is shown 
diagrammatically in Figure 1 (see also Rhoades’). 

Mature pollen was exposed to neutrons in the thermal column of the Brookhaven 
National Laboratory nuclear reactor (thermal-neutron flux, about 9.4 xX 10° 
Ni/em?/sec; cadmium ratio, greater than 5,000:1; gamma contamination, about 
115 r/hr). X-ray exposures were made at 250 kvp., 30 ma., using l-mm. Al filtra- 
tion half-value-layer 0.2 mm. Cu), with a dose rate approximating 800 r/min. 
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Ultraviolet radiation was obtained unfiltered from G.E. germicidal lamps. The 
dose applied was 9.6 X 10° ergs/em? in a period of 30 seconds. According to the 
manufacturer’s description, about 85 per cent of the light had a wave length of 
2537 A. 

Gamma-radiation exposures were made in the Brookhaven National Laboratory 
Cog) radiation field. Plants of the dominant tester stock (BNL 130) were exposed 
to a daily dose of 150 and 190 r given during 20 hours from the time 8-inch seedlings 
were set out until pollen was collected (the total dose was 14,000—-17,500 r). After 
irradiation with the four sources, the pollen was applied to silks of homozygous 
stocks carrying loci recessive for either A,, Shy, and Pr or C, Shy, and Wz. 
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Fic. 1.—A comparison of the response of regions of chromosome 9 
to three radiations. Chromosome maps (7) after M. M. Rhoades, J. 
Heredity, 41, 58-67, 1950 (2). Drawn from information on approxi- 
mate locations supplied by Dr. Barbara McClintock (personal com- 
munication ). 

Mutant sectors occasionally occur in plants that are exposed to chronic gamma 
irradiation. If such sectors occur in the tassel and affect the loci under study, 
unusually high mutation frequencies might be indicated. Fortunately, appropriate 
tests gave no indication that large mutant sectors occurred in the plants of the 
present study. Since developing pollen was exposed to gamma rays, these results 
are not directly comparable to those obtained in experiments where the mature 
pollen was treated with X-rays, thermal neutrons, and ultraviolet. The treatments 
were made, however, because it was anticipated that the chronic gamma radiation 
might produce a different spectrum of genetic changes. 

The term “mutation” is used here in a broad sense. Tester stocks were genetically 
so constituted that the functional loss of the genetic loci studied could readily be 
identified. In most cases, the observed phenotypic changes may result from a 
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deficiency or loss of chromosomal material. Endosperms with only the mutant 
phenotype were classified as entire mutations. Those endosperms which showed 
sectors of dominant and recessive tissue were classed as partial mutations. 
In the study with C, Sh, and Wz factors the partial-mutation class was subdivided. 
One partial type identified, designated as ‘“‘mosaic,’’ showed breakage-fusion-bridge 
cycles typical of endosperms described by McClintock.‘ Endosperms classed as 
nonmosaic or loss-type partial mutations possessed areas of dominant as well as of 
recessive tissue but differed from the mosaic class in that they showed no breakage- 
fusion-bridge cycles. 

Results and Discussion.—Data obtained for mutagenic effects produced by four 
radiation sources on maize endosperm loci A,, She, and Pr are shown in Table 1. 


TABLE 1 
FREQUENCY OF ENDOSPERM Mutants INDUCED BY Four RADIATION SOURCES 
Control Thermal Neutrons X-ray Ultraviolet Gamma 
Dose (total) 0 13.6 & 10% 1,680 r 9.6 & 10° 14,000 or 
Nu,/em? ergs/em? 17,500 r 
Dose in 0 H(n, y), 17.7 1,680 r 14,000 or 
REP (93 B+N(n, a+ 17,500 r 
ergs/gm) ° n, p), 283.7 
y contamina- 
tion, 460 
Time t hr. 1.7 min. 150 or 190 r/ 
exposed day _ for 
growing 
season 


Mutation* Frequencyt Frequencyt Frequencyt Frequencyt Frequencyt 
Entire: 

ay 0.4 + ‘ 2.0 1 

sh 0 0 l 

pr 08 +06 O+1 

ashy 1.0 + ) 0 I 


Partial: 
a 0.42 3.0 : 19.0 + 3 
sho 0.4 + 0.: 5.0 5.0 + 5 
pr 13.0 + 2.; 58.0 0+ 9.6 327.0 + 14.8 39 
ash 16.0 + 2. 9.0 3.6 227.0 + 13.6 483.0 + 17.9 20. 
Total 
gametes 
tested 24,042 14,427 12,141 14,903 
Ratio entire, 
partial: 
pr 3 
ashe 1 
Ratio a;sh2/ 
pr§ 
Entire ; 15+ .11 7 + .16 3.0 + .3l 
Partial eet. 7 + .14 O+ .20 15+ .08 


1 10+ 0.7 1 
3 ; 6.0 + 2.0 2 
1.4 83.0 + 7.4 116. 
1.3 245.0 + 12.8 162. 


=: 0.25 + .07 
= ee 2 56 + .03 


* Observed recessive mutant endosperm phenotypes. 

+ Observed less control frequency per 104 male gametes. 

t The ratio cf entire to partial mutations indicates the relative proportion of these mutant types produced for 
the two genetic regions. 

§ This ratio is a comparison of the two classes of mutants for each genetic region. 


In general, all four radiations induced a relatively high proportion of changes that 
affected A; and Sh, simultaneously. Independent mutation at either of the closely 
linked loci occurred, but at a very low frequency. X- or gamma radiation may not 
have affected A, and She independently, but thermal-neutron and ultraviolet radia- 
tion induced independent mutations at A; and at Sho. The two genetic regions (A, 
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Sho, and Pr loci) responded in a quantitatively different manner to certain of the 
radiations, as is shown by a comparison of the ratios of the two mutation classes 
between and at each of the genetic loci (Table 1). Ultraviolet radiation produced 
a higher proportion of partial endosperm mutants than did thermal neutrons or 
X-rays. On the other hand, the proportion of entire endosperm mutations was 
greatest with the gamma-radiation treatment. The above differences between the 
X-ray and ultraviolet treatments confirm earlier reports of Stadler and Sprague® 
and Fabergé.? The data further show that more entire than partial endosperm 
mutations are produced by ultraviolet at A,-Sh2 than at Pr. Other radiation treat- 
ments showed approximately one and a half times to twice as many mutations at 
A,-Shz as at Pr. These unlike responses were found to be significantly different and 
may or may not be attributable to differences in the radiation dosage actually 
absorbed. The low frequency of partial endosperm mutations produced in the 
gamma-radiation treatment may be ascribed to selection against aberrations and 
duplicated lethals during microsporogenesis, since the gametes tested were exposed 
to the radiation continuously during their formation. 

The response of the three chromosome-9 loci to thermal neutrons, X-rays, and 
ultraviolet is shown in Table 2. The relative frequencies of entire, mosaic and non- 
mosaic partial endosperm mutant classes produced by the radiations reflect a 
pattern roughly similar to that shown in the former study. However, the use of 
only two phenotype classes, as was done for A,-Sh, and Pr, does not properly 
describe the mutant types in terms of the cytogenetic alterations induced. It is 
known that mosaic partial mutants originate following complete chromosome 
breakage, as do the entire endosperm mutants (see McClintock‘). _Nonmosaic 
partial mutants probably originate following chromatid or subchromatid breakage 
(see Konzak*). 

Definition of the mutant endosperm classes in terms of breakage permits a com- 
parative analysis of changes induced in the genetically marked chromosome-9 
regions (Fig. 1). Genetic and cytological chromosome maps indicate the regions 
identified by the C, Sh,, and Wz loci. A comparative breakage analysis shows that 
the region between C and the end of the chromosome arm (J) and that between Wx 
and the centromere (JV) are most affected by all three radiations. The region 
between C and Sh, is least affected. This relationship is only apparent, however, 
because if the comparative genetic and cytological map lengths for the regions are 
considered, the region which first appeared to be least affected turns out to be the 
region most affected. The results seem to suggest that the chromosome regions are 
differentially acted upon by radiation, but to draw a definite conclusion is hazardous 
for several reasons: (1) the genetic regions studied differ in length; (2) neither the 
genetic nor the cytological map may properly represent the chromosome of the 
sperm nucleus in the pollen grain; (3) the breakage of region JV is slightly under- 
estimated, because of the difficulty of detecting interstitial deletions of the Wz 
locus (although this is probably not a serious error, since interstitial deletions rarely 
occur elsewhere); and (4) breakage of region J may be considerably underestimated, 
owing to the fact that only mosaic and not entire or nonmosaic endosperm mutant 
types were detected. The comparison of the frequency and types of breaks pro- 
duced in the various regions by different radiations is not fraught with the same 
limitations. The length of the chromosome regions and the proper representation 
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of the chromosome are not factors, because the comparisons are made only between 
observed values. The results indicate that the four regions were affected similarly 
by the ultraviolet and thermal-neutron radiations. Reports of differential breakage 
of chromosome regions by X-rays are already in the literature.” It is interesting to 
note that in all these cases the regions of high sensitivity are heterochromatic regions 
(see Hannah’). Concentrations of heterochromatin are found near the end of the 
short arm and subtending the centromere! of maize chromosome 9. Thus differences 
as well as similarities in the quantitative response of genetic loci of maize to four 
radiations are clearly indicated in our data. As a matter of fact, however, the dif- 
ferences are of a relatively small magnitude compared with the similarities, but 
they may indicate that certain of the radiations have a qualitatively somewhat 
dissimilar action on genetic material. Barton® noted a similarity in the sensitivity 
of certain regions of tomato chromosomes to ultraviolet and to X-rays. Also, 
Emmerling” noted that the same types of chromosomal aberrations were produced 
in maize by these two radiations. In contrast, Stadler and Sprague® reported that, 
compared with X-rays, ultraviolet produced very low frequencies of chromosomal 
translocations. The latter report has been confirmed recently by Konzak (unpub- 
lished) with barley in a study which showed that over 50 per cent of the plants pro- 
duced from X-irradiated male gametes, whereas only about 3 per cent of those 
produced from ultraviolet-irradiated male gametes had chromosomal interchanges. 

A possible explanation for the higher breakage rate with thermal neutrons than 
with X-rays in the region between C and Sh, is suggested by the more specific reac- 
tion of thermal neutrons with certain chemical atoms than with others (see Conger 
and Giles'!). The chromosome regions responded similarly to ultraviolet and 
thermal-neutron radiations in this study. However, in another study, differential 
breakage by X-rays in the presence and absence of oxygen was observed. Never- 
theless, the distinct deviations in response of some chromosomal regions to the 
reaction of certain radiations are small when they are considered in relation to the 
different physical properties of the radiations. In fact, the similarities in the genetic 
response observed may be especially noteworthy. What this indicates cannot be 
determined at the present time, but it does suggest, as indicated also by Svedberg 
and Brohult (cf. Bacq and Alexander!?), that energy may travel to positions on the 
chromosome where basically unstable molecules exist or that there are basic simi- 
larities in the reactive chemical species produced in cells following their exposure to 
different mutagenic agents. 

Summary.—A comparative study was made of phenotypic changes in maize 
endosperm tissue produced by irradiation of pollen with thermal neutrons, X-, 
gamma, or ultraviolet radiation, in an effort to determine whether the spectra of 
mutations produced would be similar or different. Genetic testers were so constituted 
that the mutation of the linked loci C, Sh,, and Wx located on the short arm of 
maize chromosome 9, Pr on chromosome 5, and the linked loci A; and Sh» on 
chromosome 3 could be identified. If it is assumed that the majority of the pheno- 
typic changes observed were due to chromosome breakage, the quantitative varia- 
tion in response with kind of radiation indicates that certain chromosome regions 
were affected differently by the four radiations. For example, within the four re- 
gions defined by genetic loci and located between the end of the short arm and the 
centromere of chromosome 9, it was noted that relatively more breaks were pro- 
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duced in region /7 by ultraviolet and thermal neutrons than by X-rays. More 
breakage was produced in region //7 by X-rays than by ultraviolet. The breakage 
of regions J and JV was similar for ultraviolet, X-rays, and thermal neutrons. 
Differences in genetic response observed suggest the occurrence of minor differences 
in the mode of action of radiations in particular chromosome regions. The similari- 
ties are perhaps more significant than the differences, since they suggest that 
chromosomes behave in a specific way in response to different stimuli. 


* Research carried out at Brookhaven National Laboratory, under the auspices of the United 
States Atomic Energy Commission. 
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A BINARY MUTABILITY SYSTEM IN ESCHERICHIA COLI 
By P. D. SKAAR 


BIOLOGICAL LABORATORY, COLD SPRING HARBOR, NEW YORK,* AND DEPARTMENT OF GENETICS, 
UNIVERSITY OF WISCONSIN, MADISON, WISCONSIN fF 


Communicated by M. Demerec, March 8, 1956 


Although genetic instability is often largely a function of the gene which itself 
mutates, there is abundant evidence that the residual genome may exert an effect. 
This effect may be strong and highly localized, as if at a single locus.'. Such binary 
mutability systems in maize have been investigated extensively and have led to 
important concepts of gene mutation and cellular differentiation.2» Among micro- 
organisms, differences in spontaneous mutation rates have been analyzed genetically 
in only a few instances,’ and in no case has a binary system been revealed. Treffers 
et al.‘ discovered that one substrain of Escherichia coli, strain K-12, exhibits a 
mutation rate from streptomycin sensitivity to streptomycin resistance that is 
about 100-fold greater than that observed in other K-12 substrains. The present 
investigation reveals that the basis of mutability in this strain is binary, involving 
genetic determinants which are not closely linked. 
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MATERIALS AND METHODS 

The mutable strain, CS19, employed in these experiments was derived from 
58-278," ° but no longer requires biotin. Strain CS19 carries the following perti- 
nent markers: F+ Pa~ T+ L+ Th+ Lacy*+ S* Vis Mutt. Additional K-12 sub- 
strains employed are W677 (F~ Pat T~ L~ Th~ Lae~ S* Vy" Mut~), W1177 (an 
S’ derivative of W677), and CS11 (an F* derivative of W1177). The designations 
F+ and F~ refer to mating types? Pa~, T~, L~, and Th~, to phenylalanine, 
threonine, leucine, and thiamine growth requirements, respectively; Lac~, to an 
inability to ferment lactose; S’ and V1’ to resistance to streptomycin and coliphage 
T1 (and T5). The determinant of mutability is symbolized as Mutt. Like other 
nonmutable strains, the rate with which W677 undergoes mutation from S* to S’ is 
about 4 X 10~-!° per bacterial division, whereas the CS19 mutation rate is about 
410°". 

The B/r strains employed have been described elsewhere’ and may be character- 
ized here by the location of their auxotrophic mutations with relation to two 
important and more or less distinct segments of the /. coli genome.’ IMN27 
requires arginine and methionine because of two mutations in the 1/—Th region; 
IMN64 requires tryptophan, tyrosine, phenylalanine, and p-aminobenzoic acid, 
owing to a single mutation in the S—Yyl region. Both are F~ S* Mut-. 

The experimental procedures employed follow descriptions given elsewhere.® 
For crosses, 16-20-hour Difco Penassay broth cultures were washed twice in saline, 
and 0.l-ml. samples were mixed on minimal (or supplemented minimal) agar 
medium. Recombinants were examined after single-colony isolation on complete 
medium. Streptomycin, threonine, leucine, and thiamine were made up to con- 
centrations of 200, 20, 10, and 0.01 mg/1, respectively, where indicated. 

To score recombinants for mutability, about 100 cells were inoculated into 10 ml. 
of Penassay broth and incubated for 24 hours at 37° C. without aeration. Then 
0.1-ml. samples were plated onto nutrient agar containing streptomycin. If 10 or 
more resistant colonies appeared, the recombinant was scored as mutable. If less 
than 10 colonies appeared, two new broth cultures were initiated from small inocula 
and similarly assayed; if each of these two samples contained less than 10 resistant 
cells, the recombinant was scored as nonmutable. In no case was further testing 
necessary. This is sufficient to distinguish parental types with a low probability of 


—— 


error, since it was found empirically that among samples of 50 W677 cultures 


similarly grown, 45 contained no resistant cells and none contained more than 4, 
whereas, among samples of 50 CS19 cultures similarly grown, none contained less 


than 25 resistant cells. 


RESULTS 

The Site of Instability Determination.—CS19 was crossed with W677 on un- 
supplemented medium and medium singly supplemented with threonine, leucine, 
and thiamine. Recombinants were scored for Lac, V;, Mut, and unselected 
nutritional markers. Within the limitations of the method of testing, the segrega- 
tion of mutability was unambiguous. In the unsupplemented cross (Table 1), the 
high frequency of mutable recombinants indicates a close linkage of Mut to T, L, or 
Th. In the thiamine-supplemented cross, the equally high incidence of mutability 
among both the 7h* and Th~ recombinants indicates that the close linkage is not 
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to Th. A comparison of the L~ and 7'~ recombinants from the third and fourth 
crosses reveals that, whereas 5 out of 8 7’~ recombinants are mutable, only 2 out of 
24 L~ recombinants are mutable. Thus /ut appears to be more closely linked to L 
than to 7. The sequence Lacy—V,;—L—T is extensively documented” and is 
consistent with the present data. A decision as to whether Mut lies to the left or 
to the right of Z is not easily made on the basis of the limited data available. How- 
ever, the fact that, of the 9 nonmutable recombinants issuing from the threonine- 
supplemented cross, all involve a crossover between V, and L, whereas only 3 
involve a crossover between L and 7’, suggests that Wut lies to the left of L. If so, 
the frequencies of single crossovers in the three regions, Lac; ._ 2 ee 8 
provide a crude estimate of relative map distances. Considering only prototrophic 
recombinants and excluding those obtained in the presence of leucine, these fre- 
quencies are 73, 22, and 6, respectively. Prototrophs obtained on leucine are 
excluded because of the suggestion that some of them may be inhibited by this 
amino acid.'® 


TABLE 1 


SEGREGATION OF Mut AND AssocIATED Factors IN CROSSES BETWEEN CS19 
(F+ Pa~ T* L*+ Th* Lac,*t Vit St Mut*) ann W677 
(F- Pat T- L- Th- Lac,~ Vi" S* Mut) 
SuPPLEMENT 
UNSELECTED MARKERS NONE THIAMINE LEUCINE THREONINE 
Lac Vi Mut Th sy L L 7 T 
+ 5 15 5 9 \ 2 49 
18 } 16 51 
6 2 6 ) 14 


8 

r 

r 0 0 0 ‘ l 
8 0 0 0 0 
8 
, 
r 


0 0 0 0 
1 0 l 5 
0 0 0 1 


Total 10 13 77 129 


The Site of Mutation.—Two independent S’ derivatives of CS19 were crossed with 
W677. Owing to the much higher incidence (at least 100) of S’ mutants in Mut+ 
cultures than in Mut cultures, it is likely that the S’ mutations were associated 
with Mut*. The frequency of mutable types among the S* recombinants (Table 2) 
was comparable to that observed in the cross of CS19 S* with W677, indicating that 
mutation from S* to S’ does not inactivate Mut*. Further, very few of the re- 
combinants were S’, indicating not only the binary nature of the mutability system 
but also that the components are not closely linked. 

The absence of S’ recombinants in a cross of one CS19 S’ with W1177 (S’) 
suggested that the two mutations were isolocal or closely linked. The question 
whether most of the S’ mutations in Mut* populations also occur at this site was 
approached by a somewhat more sensitive test. The aromatic deficiency of the 
B/r strain, IMN64, is closely linked to the S locus (of W1177), whereas the de- 
ficiencies of IMN27 are not. In K-12 (F*+) X B/r (F~) crosses, only those K-12 
unselected markers which are closely linked to the deficiency (selective marker) of 
the B/r parent occur frequently among recombinants. Thus the frequency of S’ 
recombinants from the cross of CS11 (W1177 f+) and IMN64 is higher than from 
the cross of CS11 and IMN27 (Table 2). Six independent S’ mutants of CS19 
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were crossed with IMN64. The high frequency of S’ recombinants in all these 
crosses is consistent with the conclusion that most Wutt-associated mutations to 
TABLE 2 
SEGREGATION OF Mut AND S IN SELECTED CrRossES 
PROTOTROPHIC 


RECOMBINANTS Per Cent Ss 
F* PARENT F~ PaRENT EXAMINED Per Centr Sr Mut* Mut 
CS19 Sr 41 W677 40 13 100 0 
Sr #2 W677 64 22 96 4 
(IMN64 72 56 
‘s sIMN64 6 ; 
cot IMN27 48 17 
satis /IMN64 48 
sina IMN27 48 
C819 S° IMN64 50 60 
Sr # IMN64 50 70 
S’ #: IMN64 50 60 
Sr’ IMN64 50 62 
S’ IMN64 50 62 
Sr IMN64 50 58 
CS19 8S" IMN27 50 18 
streptomycin resistance occur at or near the same site. Since the deficiencies of 
IMN64 and IMN27 are not closely linked to L, the low frequency of Mut* re- 
combinants in crosses of these strains with CS19 is expected. 
DISCUSSION 

Examination of mutable recombinants from crosses involving CS19 immediately 
revealed that mutants other than S’ were abnormally frequent. This is also true 
of GS19 populations.‘ The range of action of Mut* is not the immediate concern 
of this report, but it is appropriate to remark that the abnormally frequent mutants 
include Th* in Th~ Mut* recombinant populations and 7+ in T~> Mut* recom- 
binant populations. If these represent reversions, three widely separated loci are 
Mut*-influenced. The remoteness of the two components of the S mutability 
system lends credence to the view that instability is manifested throughout the 
bacterial genome in this mutable strain and possibly in others.'' This approximates 
the situation in Drosophila populations containing mu-F!? and is not inconsistent 
with the situation expected of maize populations containing Ac and Ds.? 

That Mut* acts by inducing mutations has been assumed in this presentation. 
Evidence has been presented‘ that differences in relative growth rates cannot 
explain the high frequency with which S’ mutants appear in Mut* strains. The 
objection that mutations might be equally frequent in Mut~ strains, but more often 
lethal, is applicable, of course, to many situations where differences in mutation 
rates are inferred. 


SUMMARY 


The high rate of spontaneous mutation to streptomycin resistance (S’) exhibited 
by the K-12 substrain CS19 has been shown to involve a binary mutability system. 
Mutations occur at or near the same S locus, but their high frequency depends upon 
a remotely linked factor, Mut+. The segregation of Mu‘ “‘ut> is well defined 
and is consistent with a close linkage to the Z (leucine) locus. 


* Present address. The work at Cold Spring Harbor was supported under contract by the 
United States Army Chemical Corps Biological Warfare Laboratories, Fort Detrick, Frederick, 
Maryland. 
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A UNIFIED THEORY OF GENERAL RELATIVITY 
OF GRAVITATION AND ELECTROMAGNETISM 
By Luruer P. EIseNHART 
PRINCETON UNIVERSITY, PRINCETON, N. J. 
Communicated February 12, 1956 
The theory presented in this paper is based upon a symmetric tensor g;;, a coef- 
ficient of connection I}, and an electromagnetic vector ¢;, in terms of which there is 
the skew-symmetric electromagnetic field tensor 


Fy = CLS Ee — Sere See (1) 
Here, and throughout the paper, a comma followed by an index denotes the deriva- 
tive with respect to x with this index, and a semicolon followed by an index denotes 
the corresponding covariant derivative in terms of the Christoffel symbols in gj). 
From equation (1) it follows that 
F ij.x + Pix, + Fi; = Q, (2) 
from which one has 
Fis “+ F x; 3 = Pyi:j = 0. (3) 


It being required that the determinant g of g,; be different from zero, and in fact 


negative, a contravariant symmetric tensor g” is defined by g”’gx% = 6, where 6 is 
the Kronecker delta. 
For any coefficients of connection Tj, one has 
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Sn = at + an, (4) 


where a,,' is a tensor, as follows from the equation for the Christoffel symbols 


yt 


|',} and I), separately in two co-ordinate systems. ! 


vw 


For coefficients of connection Tj, there is the generalized tensor,? 
Pig = Tin — Uae + Valin — VET (5) 
For T,, defined by equation (4), this is 
Vin — Rin +- Aj’ sp aia Ayn’ st + Ag! = jn Ay", (6) 
where /?},, is the Riemann tensor, Contracting equation (6) for ¢ and Ll, one has 
rT, = Tins = Ry + ayi'n — Apia + aj*dun! — ap agi’, (7) 


where RF, is the Ricci tensor. 
We now choose the coefficients of connection of the theory, taking 


Op! = Fang", 
from which it follows that 
a; = F;',, (9) 
We further impose upon the field the condition 
(10) 
Since a,,‘, as defined by equation (8), is skew-symmetric in 7 and A, if Tp’ denotes 


the skew-symmetric part of I’y,‘, as defined by equation (4), it follows from equations 
(9) and (10) that 


a, = 0. (11) 
Since a,j,‘ is skew-symmetric in j and A, it follows from equations (7) and (11) that 
l’;,, the symmetric part of T',,, is given by 
Din = Ryn + aji*ay,', 
which in consequence of relations (11) and (8) becomes 


Dyn = Ry — Frying Premg™ (12) 
= 2, ee if 


We take as fundamental for a unified theory of gravitation and electromagnetism 
the equation 


D's, == R jp, = PPAF dn = 0, (13) 


noting that Einstein* took the equation 
R jp, = 0 (14) 


for gravitation alone. 
When the equation 





VoL. 42, 1956 MATHEMATICS: L. P. EISENHART 


dx* dx 


ds ds 


Gis = a, 


where a is +1, —1, or 0 as the case may be, is differentiated and use is made of the 
identity 


= fh) fh 
ijk = Ynjr iks + Yih VikSs 


the result is, to within the factor 2, 
(= 4 fi da” dx*\ dx? 0 
94 ds? (hes ds ds) ds ’ 
This equation is satisfied by 
dxf ,; , da* de da* dx™ 
( - , - = ee 
94 ds? th as ds um ds ds 


where @),», is an arbitrary tensor skew-symmetric in j and k. When, in particular, 
Ajxm iS the tensor defined by equation (8) multiplied by a physical constant b, one 
has, with change of indices, 

az 


ds? 


dx! da* _ br’ da*® dx" 
ae ae 


Laks 
a 


Equation (15) is satisfied also by 


dx 5; , de de’ dac* 
Jij + hk , = Op : 


ds ds ds 


ds? 
where a, is an arbitrary skew-symmetric tensor. When, in particular, a, is 
bF, where b is a physical constant, one has 
dx) dx* 


Py 
— = OF, 
ds : . 


2 pi 
d*x fi 


Lac® 
Lik 
2 ds ( 


ds Ss 
For b = e/m this is the classical Lorentz equation. 


1 LL. P. Eisenhart, ‘“Non-Riemannian Geometry,’’ Am. Math. Soc. Pubs., No. 8, pp. 2, 3. 

2 Tbid., p. 5. 

3 A. Einstein, The Meaning of Relativity (4th ed.; Princeton, N. J.: Princeton University Press, 
1953), p. 134. 





INVARIANT DIFFERENTIAL OPERATORS ON A 
SEMISIMPLE LIE ALCP BRA 


By Harisu-CHANDRA 
INSTITUTE FOR ADVANCED STUDY 
Communicated by M. Morse, March 1, 1956 


Let R and C be the fields of real and complex numbers, respectively, and Eo a 
vector space over FP of finite dimension. Then, / being the complexification of 
Ey, we consider the symmetric algebra S(/) and the algebra Q(/) of polynomial 
functions on LF. We regard Ey as a differentiable manifold and, for any differential 
operator D and indefinitely differentiable function f, denote by f(X; D) the value 
of Df at X « fy. Corresponding to any X in /y we define the differential operator 
O(X) by 


; 
S(Y; o(X)) = + IY + ix) (Ye ky, te R). 
t=0 


Then 0 can be extended uniquely to an isomorphism of S(/) into the algebra of 
differential operators on Ey. Let U be an open subset of 4. By @(U) we mean 
the space of all functions f on U of class C” such that r(g, O(p); f) = 
sup | g(X) f(X; O(p))| < @ forall g « Q(F) and pe S(L). We define a topology in 
XeU 
e(U’) by means of the collection of these seminorms 7(q, 0(p)) (q « Q(E), p € S(EL)). 

Let go be a semisimple Lie algebra over R and by a Cartan subalgebra of Qo. 
Complexify qo, bo to qg and 6, respectively. We can identify' S(q) and Q(q) by 
means of the fundamental bilinear form B(XY, Y) = sp(ad X ad Y)(X, Y eq) on 
g. Let Gy be the (connected) adjoint group of go. A function f on go will be called 
invariant if f(7X) = f(X) for all x « Gand X € gq. Let /(q) be the subalgebra of 
S(q) consisting of invariant polynomial functions. Similarly, let /(b) denote the 
algebra of those elements in S() which are invariant under the Weyl group W 
(of q with respect to b). For any p e /(g), let p denote the restriction of the poly- 
nomial function p on 6. Then p — p is an isomorphism of /(q) onto /(b). Let 
P denote the set of all positive roots (of q with respect to 6) under some fixed order. 
Put + = - a. Then we S(b). Notice that if g « S(b), 0(q) is a differential 
operator on fp. 

THEOREM? 1. Suppose that f is an invariant function on qo of class C”. Then, 


if p € 1(q), 
m(H) f(H; O(p) = g(H; Op)) (H € bo), 
where g is the function on be given by g(H) = r(H) fi). 


Let dx denote the Haar measure of Gp. 
Coro.tuary. Suppose that Go is compact. Then® 


r(H) r(H’) f exp B(xH, H’) dx = cd e(s) exp B (sH, H’) 


Go seW 


for all H, H’ in b. Here c is a constant which is easily determined by the condition 


SJ dz = 1. 


Go 
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Let Ao be the Cartan subgroup of Gp corresponding to bh», and let dx* denote the 
invariant measure on the factor space G* = Gy/Ay. Define x*H = xH (H « b), 
where x is any element in the coset «* «€ G*. Let bo’ be the set of those elements 
H € bho, where x(H) # 0. Then, if f € C(qo), the integral 


FAH) = r(H) S f(a*H) dx* 
G* 


is convergent for H € bo’, and F; is of class C® on hy’. Moreover, it follows from 
Theorem | that Fa,,), = O(p) Fy (p €1(q)). This relation, in its turn, implies the 
following result. 
THEOREM 2. The mapping f > F, is a continuous mapping of C(go) into C( hy’). 
For any f € C(qo), let f denote the Fourier transform of f, so that 
F(X) = S exp (iB(X, Y)) f(Y) dY (X € Qo), 
Qo 
where dY is the (suitably normalized) Euclidean measure on go. Then it is possible 
to obtain interesting relations between F, and F7. For example, if Go is either 
compact or complex, 
F;(H) = S exp (iB(H, H’)) F,(H’) dH’ (H € bo’) 
bo 
where dH’ is the (suitably normalized) Euclidean measure on bp. Similar but more 
complicated relations hold in other cases as well, under suitable restrictions on f. 
If Go is a complex semisimple group, the above relation between F, and F7 can 
be obtained directly without much difficulty. This, in fact, is the starting point 
of the proof of Theorem 1. 


See Trans. Am. Math. Soc., 75, 194, 1953. 
? This theorem should be compared with Lemma 2 of Bull. Am. Math. Soc., 61, 394, 1955. 
3¢(s) = 1 or —1, according as s takes an even or odd number of positive roots into negative 


roots. 


HARMONIC ANALYSIS FOR CERTAIN SEMIGROUPS 
By Epwin Hewirr anp Hersert 8. ZuCKERMAN* 
Communicated by D. Montgomery, February 20, 1956 


1. A semigroup is a non-void set G with a binary operation, which we write as 
multiplication, such that x(yz) = (xy)z for all x, y, z2 ¢ G. The complex Banach 
space 14(G@), consisting of all complex-valued functions f on G@ for which ||f| = 
> | f(u)| is finite, ean be made into a Banach algebra! by defining the convolution 


ue? 
fxg of f, g € L(G) by the relation fxg(x) = 32 f(wg(v), the sum being taken over 
all pairs (u, v) such that ww = x. The void sum is taken as zero. It is easy to see 
that fxg! < ||f/+llg). If @is a group, this algebra is the ordinary L)-algebra of 
G, where G has the discrete topology. 

The case in which G is a finite semigroup has been studied in detail.? 

2. Suppose, henceforth, that G is commutative but not necessarily finite. We 
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can describe certain properties of /,(@) in terms of simple algebraic properties of 


G, as follows: 
2.1. TuHroremM. The algebra 1(G@) is semisimple (7.e., has Gel’fand-Jacobson 
radical equal to {0}) if and only if the equalities x2 = y? = xy imply x = y for all 


x, yeG. 

2.2. Definition: For x ¢ G, let T, ty: we G, zy? = yt), yx* = 2*t!, for 
some positive integer 7}. 

2.3. Definition: Suppose that 7, = ja} for all x « G. Then, for x e G, let 
H,=\y: yeG,y" = ux, x" = vy, for some u, v € G and some positive integer n}. 
It can be shown that each H, is a subsemigroup of G with the cancellation law and 
that H, is a group if and only if it contains an idempotent element. The subsemi- 
groups H, are either disjoint or identical. 

2.4. THeorem. The Gel’fand-Jacobson radical of 1(G) consists exactly of those 


f elL(G) for which S f(y) = 0 for all T,. 
yeTs 

2.5. Turorem. The algebra 1(G) has a unit if and only if G contains a finite 
subset A such that, for every x €G, there exists a € A such that ax = x. 

2.6. Turorem. Suppose that l,(G) is semisimple. Then l(G@) contains a proper 
idempotent if and only if G contains an element v thal is not a unit for G and for which 
the sei v"} P_, is finite. 

2.7. THroreM. Suppose that l,(G) is semisimple. If for every x ¢ G there is an 
element u ¢€ G such that uv? = u and ux = x, then every closed proper ideal in 1(G) is 
contained in a regular maximal ideal. However, if there is a nongroup H, ¢ G such 
that ux « H, implies H, = H, for all u € G, then 1(G) contains a closed proper ideal 
contained in no regular maximal ideal. 

3. The proofs of the foregoing theorems (except for 2.5) depend upon a detailed 
study of semicharacters of G, that is, bounded complex functions x on G such that 
x(x) x(y) = x(xy) for all x, y eG and x(x) ¥ Ofor some x eG. The general homo- 
morphism of 1,(@) onto the complex number field has the form f ~ >> f(u)x(u), 


ueG 
where x is a semicharacter. It is a purely analytical fact that 1,(@) is semisimple 
if and only if every pair of distinct points of G can be separated by a semicharacter. 

The condition 7, = }2} for all x € G is equivalent to the condition x2 = y? = 
xy ex = yforalla,ye¢G. For semigroups in which these conditions hold, so that 
the subsemigroups H/, are defined, a separating family of semicharacters is con- 
structed as follows: If x, y «Gand H, # H,, then H,, is different from, say, H/,. 
The function y such that y(w) = 1 or 0 according as H,, = H, or H,, 4 H, is then 
a semicharacter, and ¥(x) = 1, ¥(y) = 0. Suppose that H, = H,, ie., y € H,. 
Then, as H, is imbeddable in a group, we have a semicharacter xo on H, of absolute 
value 1 such that xo(7) # xo(y). The function x on G such that x(u) = Oif H,, + 
H, and x(u) = xo(ux) xo(x) if H,, = H, is a semicharacter separating x and y. In 
carrying out the details of this construction, we obtain a number of purely algebraic 
facts about G. For example, G is imbeddable in a semigroup that is the union of 
disjoint groups if and only if 2? = y? = zya2=y. 

4. The structure space of 1,(@) can be identified with the space G@ of all semi- 
characters of G. Parts of the standard theory of Fourier analysis can be carried 
over to Fourier transforms f defined on G. The uniqueness theorem is just 2.1. 
Inversion formulas, characterizations of transforms of non-negative f’s, and the 
Silov boundary of G can all be obtained in certain cases.* 
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* The first-named author is a fellow of the John Simon Guggenheim Memorial Foundation. 
The research of both writers was supported in part by the National Science Foundation. 

' For terminology used in connection with Banach algebras and harmonic analysis in general, 
see Lynn H. Loomis, An Introduction to Abstract Harmonic Analysis (New York: D. Van Nos- 
trand Co., 1953). 

2 Edwin Hewitt and Herbert 8. Zuckerman, “Arithmetic and Limit Theorems for a Class of 
Random Variables,’’ Duke Math. J., 22, 595-615, 1955; ‘Finite Dimensional Convolution Alge- 
bras,’’ Acta Math., 93, 67-119, 1955; W. D. Munn, “On Semigroup Algebras,’’ Proc. Cambridge 
Phil. Soc., 51, 1-15, 1955. 

§ Details and proofs of the results announced here will appear elsewhere. 


ABSTRACT HOMOTOPY. II. 
By Dante, M. Kan 
WEIZMANN INSTITUTE OF SCIENCE, REHOVOTH, ISRAEL, AND COLUMBIA UNIVERSITY 
Communicated by P. A. Smith, February 1, 1956 


1. Introduction.—Let @ be the category of topological spaces and @ that of 
cubical complexes.'. The homotopy and singular (co-)homology groups of a 
topological space may be defined by applying the cubical singular functor? Q: 
@ — @ to the corresponding groups defined on the category @. The possibility of 
defining this cubical singular functor, however, appears to be due mainly to the 
fact that the category @ has the following simple properties: (a) for every topological 
space X its cartesian product I X X with the unit interval may be formed; (b) X may 
be imbedded in the “bottom” and the “top” of I X X; and (c) I * X may be projected 
back onto X. In this note it will be indicated how, for other categories with similar 
properties, a cubical singular functor may be defined. Several examples are given. 
The results of Note I are used freely. 

2. Categories with Homotopy.—Let @® be a category, let E: @ — ®B be the 
identity functor, and let 7: H — EF be the natural equivalence defined by 7K = tx 
for each object K ¢ ®. A homotopy in B is then defined as a functor /: @® — @, 
together with three natural transformations 0, 1: / —~ J and y: I — E, such 
that ne = 7 (the symbol ¢ always denotes 0 or 1, even with indices attached). 

Let ® be a category with homotopy. Two maps f.: K — L in @ are called 
homotopic if there exists a map f;; [K ~ L in @ with f;,(eK) = f.. Notation fy: 
fom fiorfy™~ fi. Note that the relation ~ need not be an equivalence relation. 

3. The Cubical Singular Functor —Let ® be a category with homotopy. Let 
1° = E, and let /” stand for the functor J applied m times. For each pair of in- 
tegers (i, n), with 1 < i < n, define three natural transformations 0%, 1’: ["-! > 
I” and ni: I" 1"—' by & = I'—'el"-‘ and n! = ['—'yl"-*. Then we have 

3.1. O°, 1’, and n’ satisfy the identities (1) of Note I. 

For two objects P, K €@, now define a cubical complex QpK (the cubical singular 
complex of K rel. P) as follows: An n-cube of QpK isa map a: /"P > K in B. 
Its faces oe’ and degeneracies o7’ are defined as the composed maps oe! = o(e'P) 
and on’ = o(n’P). It then follows from 3.1 that QpK is a cubical complex. Like- 
wise, fora map f: K — L in ®, a cubical map Qpf: QpK — QpL is defined by 
(Qef)o = fofor ceQpK. The resulting covariant functor Qp: @ — @ thus depends 
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on the homotopy in ®& and on the choice of the object P € &. It is called the cubical 
singular functor of ® rel. P. 

3.2. The functor Qp: @&— © maps homotopic maps inio homotopic maps. 

For a map g: P —> R in @ we can define a cubical map QA: QrK > QpK 
by (Q,K)o = o(1"g) foro e Qk. Let Q*: @& — @ denote the resulting contra- 
variant functor. 

3.3. The functor Q®: @ — @ maps homotopic maps into afi-homotopic maps. 

4. (Co-)homology and Homotopy Groups.—Let ® be a category with homotopy, 
and let P ¢ ® be an object. As all (co-)homological notions have already been de- 
fined on the category @, it follows that by composition with the functor Qp: @—> e@ 
these notions also apply to the category ®. In view of 3.2, the resulting (co-)- 
homology theories satisfy the homotopy axiom. 

Let ®x be the counterimage of the category Cx under the functor Qp: @& > e. 
Then, by composition with the functor Qp, all homotopy notions defined on Cx 
also apply to the category ®g. In particular, fora map f: /"~'P > K in ® and 
K ¢ ®g the nth homotopy group of K rel. f, m,(K; f) is defined as m,(QpK; f). 


EXAMPLES 


5. Topological Spaces.—In the category @ of topological spaces X, Y, ete., 


and continuous maps f: X — Y, ete., a homotopy may be defined as follows: 


| be. Ga 6h) ies ee (eX) x = Ce, ). 
lf =, Xf, (ja) (te) = 2, 


where X denotes the cartesian product, / the unit interval, and x « X, te J. 

5.1. Two maps in @ are homotopic in the sense of Section 2 if and only if they are 
so in the ordinary sense. 

Let P denote a space consisting of one point. Then 

5.2. The functor Qp: @— @ ts the ordinary cubical singular functor, and the re- 
sulting (co-) homology theories are the ordinary singular ones. 

5.3. QpX € Cx for every topological space X, 7.e., Ag = Q. 

5.4. Let f: I["-' P — X map all of I"-'P on the point qe X. Then m,(X; f) 
(in the sense of Section 4) is the ordinary homotopy group m,(X; q). 

6. Cubical Complexes.—In the category @ of cubical complexes A, L, ete., and 
cubical maps f: K — L, etc., a homotopy may be defined as follows: 


IK = I @-K; (eK)o = €, @ a, (nK) (& ® ¢) =a, 
If =i, @f, (nk) (§ @ o) = on, 


where @,/,¢,, and ¢areasin Note andae K. 

6.1. Two maps in @ are homotopic in the sense of Section 2 if and only if they are 
so in the sense of Note I. 

Let P denote a cubical complex with only one nondegenerate cube. Then 

6.2. The functor Qp: @ — @ is the identity functor, 2.e., Qp = LE. 

Thus the (co-)homology and homotopy notions induced by the functor Qp are 
identical with the original ones. 

7. Chain Complexes.—In the category OS of chain complexes K, L, etc., and 
chain maps f: K — L, etc., a homotopy may be defined as follows: 
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IK =1e@K, (eK)v = z @ 2, (nK) (2, @ v) = 2, 
If =%, @f, (nK) (2 @v) = 0, 


where v « K and where J denotes a chain complex with one generator z in dimension 
1, two generators z, in dimension 0, and 0z = 2; — 2». 

7.1. Two maps in OS are homotopic in the sense of Section 2 if and only if they 
are chain homotopic in the ordinary sense. 

Let (1, n) denote the chain complex with the abelian group 7 in dimension n 
and 0 in the others. Let P = (Z, 0), and let f: J"-'P ~ K be the zero chain 
map. Then 

QpK € Cx for every chain complex K, i.e., Sg = OS. 
w(K; f) = 0,-'(0) /Ong 1K nyt, 7.€., the nth homotopy group of the chain com- 
(in the sense of Section 4) is what is usually called the nth homology group of K. 
Qp(m, n) = K(n, n), the cubical version of the Eilenberg-Mac Lane complex 
of mon level n.* 

Combination of 7.3 and 7.4 yields 

7.5. m,(K(a, n)) & wand 2;(K(a, n)) = 0, fori # n. 

8. C.s.s. Complexes.s—In the category § of ¢.s.s. complexes K, L, ete., and ¢.s.s. 
maps f: K — L, ete., a homotopy may be defined as follows: 


IK = y x K, (eK)o = ig - oc), 
If Xf, (nk) (8, 4) = a, 


where X denotes the cartesian product and / denotes a ¢.s.s. complex with one 
l-simplex & and its faces & as the only nondegenerate simplices, while 8 e/, o « K, 
and é," = £m"... m,_."—!. 

8.1. Two maps of § are homotopic in the sense of Section 2 if and only if they are 
so in the ordinary sense. 

Let P’ be a ¢.s.s. complex with only one nondegenerate simplex. Let S: @—~S$ 
be the simplicial singular functor, and let Qp be as in Section 5. Then 

8.2. QpS = Qp, @.e., the cubical singular complex of a topological space is the 
cubical singular complex rel. P’ of its simplicial singular complex. 

9. The Relative Groups.—Let @; be the category of triples (K, L, MW), ete., of 
€. The homotopy defined in @ then induces a homotopy in @; with /(K, L, M) 
(K,IL,IM). Let A = (U, Jy) uv th, [o), where J, is the subcomplex of J generated 
by ¢. 

9.1. If K, L, and M ¢ @z, then Q,(K, L, M) € Cz. 

Let (K, L, M) € @; be such that K, L € Cg and M = P. Let m: I" A> 
(K, L, M) map all of 7"-? A on M, and let u be the 0-cube of 1. Then we define 
the nth relative homotopy group ,(K, L; u) of the pair (K, L) rel. the base-cube p by 
m,(K, L; w) = m-1((K, L, M);m). Application of the functor Qp: @— @ to this 
definition then yields, as in 5.4, the ordinary relative homotopy groups of a pair of 
topological spaces. Application of the functor Qp: OS — @ yields, as in 7.3, the 
relative homology groups of a pair of chain complexes in the ordinary sense. 

10. Function Complexes.—For K, L ¢ @ we define the complex of the maps of K 
into Las Qxrl. 

10.1. Jf Le@z, then QxL € Cx for every K €@. 





258 MATHEMATICS; B. KOSTANT Proc. N. ALS. 


These function complexes have the usual property: 
10.2. OcQ:M = Qxea@iM for K,L,M ee. 


Cf. D. M. Kan, these ProcegpriNnGs, 41, 1092-1096, 1955. This will be referred to as “Note 
1” 

2 Cf. 8. Kilenberg and 8. Mac Lane, Am.J. Math., 75, 189-199, 1953. 

® For the simplicial A(z, ) see 8. Eilenberg and 8. Mac Lane, these PRocEEDINGS, 36, 443-447, 
1950. 

‘Cf. 8. Kilenberg and J. A. Zilber, Ann. Math., 51, 499-513, 1950, and Am. J. Math., 75, 200- 
204, 1953. 


ON DIFFERENTIAL GEOMETRY AND HOMOGENEOUS SPACES. I. 
By Bertram Kostant 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 
Communicated by S. Lefschetz, February 9, 1956 


Let M be a Riemannian manifold with the corresponding affine connection, XY an 
infinitesimal motion on M, and V, the tangent space at a point 0 eM. Let §, 
(the holonomy algebra) be the Lie algebra of the restricted holonomy group at 0 « /. 

Although it is not the case in general, we have shown,! however, that if M is 
compact, the endomorphism ax of V,, defined by axv = —V,NX, is contained in §,. 
Here v ¢ V,, and V,, is covariant differentiation with respect to v. Now if, in addi- 
tion, V/V is homogeneous, say, M = G/K, where G is a compact connected Lie group 
acting transitively as motions on .V/, then, with the use of a theorem of Chevalley 
and Nijenhuis, we have shown also! that the ax’s actually generate §,, as a Lie 
algebra, where X runs through the infinitesimal motions of M arising from the Lie 
algebra g of G. 

We apply these results in the following situation: Let G be a compact connected 
Lie group, K a compact subgroup (not necessarily connected). Let q and f be the 
respective (right-invariant) Lie algebras. For X eq, let Y* = a(X) be the vector 
field on M = G/K (left coset space) whose value at an arbitrary point p ¢ M is 
given by the curve exp tX +p, t > 0, with initial point p « W@. Here the dot desig- 
nates the usual action of Gon WM. As is well known, z is a homomorphism of g into 
the Lie algebra of all analytic vector fields on M. 

Now let p be a complement for f in g (q = f + p, f a p) such that adu leaves p 
invariant for any we K. Following Nomizu,? we shall refer to the choice of such a 
p (always exists) as determining a decomposition of g. Let 0 « MW be the point cor- 
responding to the coset K. As usual, we may identify p with the tangent space V, 
ato. Letu— owand X > oX,ueK, X « f, designate the respective representa- 
tions of K and f on p obtained by restricting adu and adX top. Finally, let P: 
q — p be the projection of g on p which vanishes on f. We shall retain this notation 
throughout. 

When considering an affine connection on M, we shall write ax instead of ax* 


for the endomorphism of » defined as in the second paragraph above. Now, inde- 
pendent of what affine connection is put on M, ay = oX for X ef. Among the 
possible invariant affine connections (under G) that one may put on J, there is one 
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characterized by the property that ay = '/, P adX P for X ey. This affine con- 
nection, called by Nomizu “the canonical affine connection of the first kind with re- 
spect to the decomposition q = f + »,” was shown by him to be characterized by 
the properties that (1) it is torsion-free and (2) the one-parameter groups exp LX in 
G, X ep, project onto paths in MW (geodesics, in case M is also Riemannian). We 
shall refer to it simply as “the canonical affine connection with respect to g = 
f + p,” and we observe that with this connection ay = P ad((2 — P)/2)X P for 
any X ¢€q. 

Now it is not always true that a canonical affine connection is Riemannian. 
(However, it is a simple fact that p can be chosen so that this is the case.) The 
condition is given in 

LemMMA |. Let g = f + p be a decomposition of g. A necessary and sufficient 
condition that the corresponding canonical affine connection on G/K = M arise frem 
a Riemann metric (necessarily invariant) is that the Lie algebra b, of endomorphisms 
of p generated by all P adX P, X € 4, be a compact Lie algebra. 

We will call p a “natural complement,” g = f + p a “natural decomposition,” 
and the corresponding canonical connection a “‘natural connection” if this connec- 
tion is Riemannian. 

Now applying our results! mentioned above, we have 

THeoreM 1. Let p be a natural complement to € (always exists). Let G/K be given 
the corresponding canonical affine connection. Let b, be defined as in Lemma 1. 
Then bh, = §,, the holonomy algebra at o. 

We wish to point out that Theorem | solves a problem for the case at hand (ex- 


pressing the holonomy algebra in terms of the bracket operation in q) which, ac- 
cording to Nomizu in a recent paper,’ was posed by Chevalley and Lichnerowicz. 


Nomizu, using a result of Lichnerowicz, likewise solves this problem under another 
set of conditions. However, we also have shown! how the result of Lichnerowicz 
applies under those conditions. Its application in the compact case yields a theorem 
considerably weaker than our Theorem 1 (see Nomizu,* Theorem 7, p. 56). 

It follows, of course, from Theorem 1 that the linear group H, = exp bp» is the 
restricted holonomy group at o « M, and hence H, is already compact and is, in 
fact, the identity component of y,, the full homogeneous group at 6. We shall now 
proceed to find all of y,. 

We first need 

LemMMA 2. Let exp LX be a one-parameter group of motions on a Riemannian mani- 
fold M, and let X be the corresponding infinitesimal motion on M. Let V, be the 
tangent space at o € M, and let ax be the transformation of V, defined by axv = —V,X 
forve V,. 

Then the transformation exp sax of V, may be realized by transporting V, from o 
to exp sX +o by parallelism along the curve exp tX+0,0 < t < s, and “returning” V, 
to o by the differential of the motion exp —sX. 

Lemma 2 may be shown to follow without difficulty from the relations Ly = Vx + 
Ay and Vx(Ax) = Ogiven in an earlier paper.! 

Coro.tuary 1. We retain the same notation as in Lemma 2. Assume further, 
however, that exp tX +o is a closed curve ato « M, 7.e., exp sX +0 = o for some s. 

Then the endomorphism a of V, induced by parallel transport along the closed curve 
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exp tX+0,0 <t < 8, ts given by a = beexp say, where b is the rotation of V, induced 
by the motion exp sX (exp sX leaves o fixed). 

Now we observe that if K is the identity component of K, then ok © H, = 
exp S,. We shall see that it is the remaining cosets of oK in cK which give the 


remaining cosets of H, in yy. 
THEOREM 2. We retain the notation and condition of Theorem 1. The full homo- 
geneous holonomy group w, of G/ K is given by 


yy, = o(K)-exp b,. 


Proof: Let f(t),0 <¢t < 1, bea piecewise differentiable curve, such that f(0) = 
fl) =o. Let a ey, be the rotation of V, induced by parallel transport along f(t). 

Now since M is Riemannian, there exists, by a classical theorem, a closed geo- 
desic, A(t), 0 < ¢ < 1, in M in the same free homotopy class as f(t). However, 
since VM is homogeneous, it follows that there exists a closed geodesic h(t),0 <¢ < 1, 
through 9, i.e., h(O) = h(1) = o, in the same homotopy class as f(t). Moreover, 
the parametrization of h(t) may be assumed to be by a multiple of the are length. 
But now, since the affine connection on is canonical with respect to g = f + p, 
there exists an element Y ep such that y(exp/?Y) = A(t), where y: G—~G/K is the 
natural projection. Also, since h(1) = 0,exp Y eK. 

Let a be the endomorphism of p induced by parallel transport along y(exp (Y) = 
exp (Y+o. Then a.~'+ a, € exp §,, or a € ag exp §,. But now, by Corollary 1, a. = 
a(exp —Y)-exp ay, since, as one can easily show, o(exp —Y) = 6.4 Thus aq €¢ 
(exp —Y)-expay-expS,. But by Theorem 1 exp ay eexpS,. Thus a; € o(exp —Y)> 
exp S,, or ¥, © o(K) exp §,. 

Conversely, let uw « K. Then there exists Y ¢ g such that uw = exp Y, since G is 
compact. Consider the curve y(exp tY) = exp tY:o0. Now by Corollary 1 the 
endomorphism a@ of p induced by parallel transport along y(exp tY), 0 < ¢ < 1, 
is given by a = o(exp —Y)-exp ay. Thus o(u) = o(exp Y) = exp aya 'e y, 
by Theorem 1. Hence y, = o(K) expS,. But 8, = b, by Theorem 1. Q.F.D. 

Although it is only incidental to our main purpose, we note 

THEOREM 3. Retain the notations and conditions of Theorem 1. Let h(t) be any 
geodesic on G/K which intersects itself. Then h(t) is a closed geodesic (tangent vec- 
tors “agree”’ at point of intersection). 

Proof: We may assume that A(¢) is parametrized by a multiple of the arc 
length. Also, we may assume that the point of intersection is h(O0) = A(1). More- 
over, since M is homogeneous, it is enough to consider the case where h(0) = 0. 
But now A(t) = y(exp tY) for some Y ep. To show that the geodesic is closed, 
it suffices to show that the endomorphism a of p induced by parallel transport along 
h(t) leaves Y fixed. But by Corollary 1 a = o(exp —Y)-+exp ay, since, of course, 
exp Y e K. But ay¥Y = 0, and of course [Y, Y] = 0; thusaY = Y. QED. 

As a corollary to our main result of the first note (Theorem 2), we can give the 
relationship between covariant constant tensor fields (tensor field 7 such that 
V,7 = 0 for any tangent vector v on V) and invariant tensor fields on MM. Under- 
standing that an operator on p may be applied to an arbitrary tensor at 0 by its 
unique extension to the tensor algebra at 0 as a derivation,' we have 

Coro.uary 2. We retain the notations and conditions of Theorem 1. 

If the tensor field T on M is covariant constant, then it is invariant under G. 
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( EN, if T is invariant under G, it is covariant constant if and only if (P Xad 
P)T, = O for all X ep. (Here T, is the value of T at 0.) 

This follows without difficulty from Lemma 2 and Theorem 2. 

In particular, 

Coro.uary 3. Retain the notation and conditions of Theorem 1. A Riemann met- 
ric on M giving rise to its affine connection is the real part of a Kahler metric if and 
only if there exists a transformation J on » defining an almost complex structure on 
M (J? = —1, J commutes with ou for any u ¢ K) which also commutes with P adX 
P forall X ey. 

Proof: It only has to be noted that the existence of such a transformation J 
implies the existence of a skew-symmetric transformation J’ satisfying these 
same conditions. 

' B. Kostant, ‘“‘Holonomy and the Lie Algebra of Infinitesimal Motions of a Riemannian Mani- 
fold,” Trans. Am. Math. Soc., 80, 528-542, 1955. 

2K. Nomizu, “Invariant Affine Connections on Homogeneous Spaces,” Am. J. Math., 26, 33-65 
1954. 

3K. Nomizu, “Studies on Riemannian Homogeneous Spaces,’’ Nagoya Math. J., 9, 43-56, 1955. 

‘ Since Q represents the right invariant vector fields on G and it is desirable that exp adY = 
ad exp Y on Q for any Y ¢ Q, we shall understand in this note that adu for u eG takes the meaning 
that is usually given to adu~!. 


IMPLICIT FUNCTION THEOREM FOR QUASI-ANALYTIC AND 
RELATED CLASSES OF FUNCTIONS 


By T. P. G. LiveRrMAN 
UNIVERSITY OF PENNSYLVANIA AND APPLIED PHYSICS LABORATORY, JOHNS HOPKINS UNIVERSITY 
Communicated by Einar Hille, February 25, 1956 


1. Functional Form of Simple Zeros of C* Functions.—C™ designates the set 
of all bounded, infinitely differentiable, real-valued functions of x on the closed 
interval [a, b| of the axis of reals. C” equipped with the norm 
f\| = max | f(a) | + max |f’(z)| (1) 


asx<xb axx<b 


will be called C,2)”. We then have the following property:' If ¢ = S(f) is a 
simple zero of feC 2)” in the interior (a, b) of [a, b], then to every neighborhood 
U of ¢ there corresponds a neighborhood V, = jg € Cy): of — q\| <e} of fin 
C)* such that S(g) e U, i.e., S(f) is a continuous functional on C,2)° at f. 

As a straightforward consequence, we have 

THeoreM 1. I[f the function f(x) € C(2)~ has a simple zero ¢& = S(f) tin the interior 
(a, b) of [a, b], then there is an open neighborhood V., of f in which the functional S 
is continuous and Gateaux® differentiable to every order. Also, the Taylor formula 
holds (n = 0, 1, 2, ...): 


1 qd — A 
S() = S(). +O = asco n+ f at Sif + tg —f); 


i=1l 


g —f)dt. (2) 
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2. Classes C\M,'.—}M,}o° designates a sequence of positive numbers which 
is hereafter always assumed to be logarithmically convex. Following the usual 
notation,® 4 we designate by C}M/,,{ the set consisting of all functions f(x) « C° 


which, for some non-negative number q, that depends on f but not on 2, verify 


max |f(x)| < q"M,, (mn: = tt 2 2...) 
asx<b 
To any fixed q > 0 there corresponds the subclass C,}./7,,} of C}41,} consisting 
of the functions f(x) « C{.M,{ that verify 
max |f‘”(z) 
<b ; 


q"M,, \ 


f|) is a norm which makes (,} 7, a Banach space. ! 
The functions f(x) « C}.M,} which, for a given q > 0, verify 


"T max f(x) 
lim aszsb <q (4) 
n=O M, 


form a vector subspace C,}M,} of C{M,}. An F-space topology for C,}.M,,) is 
provided by the pseudo-norms 


max Ie (a) 
», ( f) = Se) Ir d o 1 ae. 
sie 2, q'M, ( ) 


Ci So eee © 


with this topology, C,}./,,} has the important Montel property that the closure 
of every bounded set is compact. 

While, for the sake of brevity, references to topologies in the propositions given 
below are confined to C,}.M,{, the same proofs yield analogous results for C,}.7,}, 
a single norm being replaced by a sequence of pseudo-norms. 

3. Simple Zeros of C} M,} Functions.—Theorem 1, in conjunction with a formula 
of Lagrange’ and the adaptation of an argument due to Bang,‘ yields 

TueoreM 2. If the function f(x) € C,|M,} on the compact interval {a, b] has a 
simple zero ¢ = S(f) in its interior (a, b), then there is an open neighborhood of f, 
Ve = jg eC) M,): 9 —f) < el, in which the functional S is continuous, is Galeaux 
differentiable of every order, and can be expressed by the Taylor formula (2). S has 
the following properties in Vg: 

A. If {M,,/n!! is log convex,® then 


la'S(f;g —S)| < ck'M |g — f\|' 
and 


S+ tg —Nig—f| Sve" Magillg — Sf)" 
(n = 0,1,...). (7) 


The constants c, k depend on q, Mo, My, | f\,, and 1/m (m = min \f’(z)| )? and are 
xel 
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bounded when these quantities are bounded; y and «x depend on q, My, Mi, |\\f + 8, 
and 1/m and remain bounded so long as these quantities are bounded. 
B. If only |M,! is log convex, then 


iS(f: g —f)| < ck'iMi|ig —f? 
Ce ee (8) 
and (n= 0) ¥2. :..) 
a" s(¢ + tg = Sys g =. $)] < yx" tn on 1) M41 g —f — (9) 
where the same properties apply to the constants c, k, y, « as in property (A). 
From this result it follows easily that the differentials of S are also Fréchet 
differentials.” 
1. Implicit Function Theorem for C\M,}. 
TueoreM 3. Let x = f(x, y) «C}M,} in x and y in the rectangleI: |x — x| <a 
and |y — yo| < b, w.e., for some positive constant q 


max ie r 
ma —|< q*t*M,M 
v,yel or Oy" pa ME iy 


A+ p= Eee ok 


Furthermore, let f(x, yo) = 0 and (02z/Oy) (a0, Yo) # O. Then there is a closed interval 
I’: |x — ay) <a’, |y — yo: <b’ in which the unique solution y = ¢(x) of the equation 


f(z, y) = 0 (10) 


has these properties: 


(1) If }M,, n!} is logarithmically convex, y = ¢(x) « C}M,}. 
) 


(2) If only {M,| is logarithmically conver, y = g(x) « C\n! M,}. 

For fixed x; the value y (x,;) of the solution y of equation (10) is a simple zero 
of a function of y: 2(y) = f(x, y). By Theorem 2 it is possible to expand the 
functional S(z2) = y(a2) in terms of S(z:) = y(a:) and the differentials of this fune- 
tional. Comparison of the coefficients extracted from the corresponding version 
of equation (2) and the coefficients of the usual Taylor expansion of y = ¢(2) 
yields the proof of the theorem. 

A clear consequence of Theorem 3, the fact that the inverse x = ¢(y) of y = 
f(x) « C\M,}{, on an interval J where |f’(x)| > m > 0, belongs, respectively, to 
C{M,} or Cin! M,}, can be shown directly, giving slightly sharper inequalities, 
without using Theorems 2 and 3. 

5. Analytic Functions.—All functions analytic on a given closed domain belong 
to C{n!} there. The proofs of the above theorems, being algebraic, extend to the 
complex holomorphic functions of a complex variable, but with a Taylor series 
instead of the finite sum (2). Theorem 3 in this case reduces to the classical 
implicit function theorem for analytic functions. We also get 

TueroreM 4. Let f(z) and g(z) be holomorphic in a region D. Let &; be a simple 


zero of f(z) in the interior of the closed subregion D’ ¢ D, and set ||f — || = max 
zeD’ 
\f—g\. Then, for all sufficiently small ||f — g\|, g(x) has a simple zero £, near § ,, and 
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1 g(fy) 


= < [fy <elf—g (c constant). (11) 
i Uj (Cy) 


The proof of the inequality on the right-hand side follows simply from equation 
(2), with n = ©. ‘The inequality on the left-hand side of relation (11) is obtained 
by using analyticity to replace the finite sum (2) by a Taylor series and applying 
the Bieberbach-Faber ‘‘one quarter’? theorem on univalent functions.’ One 
application of relation (11) gives a new proof, for simple zeros, of a result® on the 
convergence of the zeros of the sections of a Taylor series to those of the function 
represented by the series; viz., lim V tn — fo = | to p, Where { , ¢, are simple 


Z ‘ ; 
zeros of >> az’ and >> ajz', and p is the radius of convergence of >> a,z’. 
7=0 1=0 1=0 


Multiple zeros will be considered under separate cover. 


1p, Flamant, “Etude des familles compactes de fonctions dans les classes q.a. (D),’’ J. de Math., 
102, 375-420, Paris, 1937. 

2. Hille, “Funetional Analysis and Semi-groups,’’ Am. Math. Soc. Colloq. Pubs., No. 31. 

3S. Mandelbrojt, Séries de Fourier et classes quasi-analytiques de fonctions (Paris: Gauthier- 
Villars, 1934). 

*T. Bang, “Om quasi-analytiske Funktioner 

§ Goursat-Hedrick, Mathematical Analysis (Boston: Ginn & Co., 1904), Vol. 1, chap. ii, exercise 8. 

6 This is possible for quasi-analytie and for non-quasi-analytic classes, e.g., Cl (n log n)"} and 
CleKn*), 


(thesis, University of Copenhagen, 1945). 


7] is a closed interval containing ¢, on which | f’(r) > m > 0; this remains fixed for all suffi- 
ciently small « > 0. 

8. C. Titchmarsh, Theory of Functions (2d ed.; Oxford, 1939), sec. 6.8. 

9S. Doss, ‘Comportement asymptotique des zéros de certaines fonctions d’approximation,”’ 


Ann. Ecole norm. supér. (Paris, 1947), p. 1438. 


ON DIOPHANTINE EQUATIONS WHICH HAVE NO SOLUTIONS 
By J. L. SetrripGe,* C. A. Nicot, ANp H.S. VANpivert 
UNIVERSITY OF CALIFORNIA AT LOS ANGELES AND UNIVERSITY OF TEXAS 
Communicated January 31, 1956 
Consider the congruence, conditional in « and y 
1 + ax’ = bi (mod p) (1) 


where p is an odd prime, abry # 0 (mod p), where / and ¢ are integers, each >1, 
such that le = p — 1. In another paper! the following problem was stated: 

If in formula (1) a and b are fixed integers, abry # 0 (mod p) is fixed, and p increases 
together with c subject to the relation le = p — 1, what can be said about the number of 
the sets of solutions x, y? In other articles? it was shown that the relation between 
this problem and the Fermat problem exists. 

In view of the facts mentioned above, it was arranged to tabulate the number 
of incongruent solutions for a number of congruences x, y of type (1). This was 
effected by noting that this problem reduces to finding distinct sets r, s satisfying 
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l+gt"=*" (mod p), 


with r in the set 0, 1,...,1/— 1; 8 in the set 0, 1,...,¢ — 1; 7 and / fixed, with 
0Si1S¢-—1;08) Sl -—1, withga primitive root of p. The equivalence of 
the two problems follows easily from the properties of primitive roots. 

We shall denote the number of solutions 7, s in relation (2) within the limits men- 
tioned by [2, 7]-:. In 1954 Emma Lehmer applied the high-speed computer known 
as the SWAC, at the Department of Mathematics, University of California at Los 
Angeles, to determine all the possible values [7,7] for each p and / that she considered. 
She coded this project on the SWAC and checked all the previous tables! giving 
such values. In the spring of 1955 Nicol and Selfridge extended this program on 
the SWAC and tabulated all the values [7, 7| for 1 = 5, for each p of the form p= 1 
(mod 5) for p < 1024, and also for 1 = 7 with all p’s <1024 of the form p = 1 (mod 
7). Ford = 11 all the [{7, 7]’s were tabulated for each p < 800 of the form p = 1 
(mod 11). Similarly, the values were determined for each p < 600 with 1 = 13. 
Similar determinations were made for each p < 512 of the form p= | (mod 1), where 
each prime / is taken in the set 256 2 1 = 17. 

The members of the Department of Mathematics at the University of California 
in Los Angeles kindly allowed us the use of the SWAC, and the calculations were 
carried out under the general supervision of Dr. C. B. Tompkins. 

The application of the tables which will mainly be discussed in the present paper 
is that concerning Diophantine equations. Suppose we find that [7, 7]., = 0, that 
is, that formula (1) has no solutions prime to p with g' =a, g’ =b, modulo p.  Sup- 
pose, further, that it can be shown that formula (1) has no solutions with x or y 
divisible by p. Then it follows that the Diophantine equation 


1+ ar’ = by’ (3) 


is not solvable in rational integers, since, if it is solvable, then congruence (1) has 
solutions for every prime p. 

A third application of the tables depends on the fact* that if the number of solu- 
tions of congruence (2) is given explicitly in the tables for a given 7, j, ¢, and J, 
then it follows that we can calculate directly the number of solutions of congru- 
ence (2) when c is replaced by any of its divisors >1 and l is replaced by any of its 
divisors >1. 

Still another application of the [7, 7]’s is concerned with the conditional con- 
gruence 


Ca + eae +... bets + 41 =0 (mod p), (4) 


with the c’s rational integers, ¢ .. . c; # 0 (mod p);s > 1 fore, +; # 0 (mod p) and 
s > 2 for c,,,; = 0 (mod p). No generality is lost by taking the a’s as divisors of 
p — 1, when we are considering the number of incongruent solutions. 

In another paper it was shown that it is possible to determine directly the num- 
ber of incongruent solutions of relation (4), provided that the number of solutions*® 
(with each x prime to p) of 


div," + dor.” + ds =0 (mod p) (5) 
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was known for each d,, de, d;, with m the L.C.M. of the a’s in relation (4). By 
Fermat’s theorem we may take the a’s in the range 0 <a <p — 1. If the number 
of all possible solutions turns out to be zero in relation (4), we have another applica- 
tion, as above, to Diophantine equations. 

Returning to the consideration of relation (8) and other Diophantine equations, 
it follows that if relation (1) has no solution in integers x, y, then none of the equa- 
tions‘ 


s+ tp + (sa + tep)ay = (sb + tsp) y; , s # 0 (mod p), (6) 


has any solutions 2, ¥:. Similar remarks apply to relation (4). 

It is possible to show that for a particular c and | in relation (2), there are at least 
two of the [t, j]’s which are zero. For the value 1 = 5 and the various values of ¢ 
treated in the tables, the percentage of zero values for the [7, j|’s is 32.7. For] = 
7 the percentage is 33.8. 

The tables referred to in the present paper are now on file at Numerical Analysis 
Research, University of California at Los Angeles, and it is planned to publish them 
with a description of the coding of this project and full details as to the various 
applications. 


* The work of this author was sponsored in part by the Office of Naval Research and the Office 
of Ordnance Research. 

+ The last-named authors did their work on the present paper under National Science Founda- 
tion Grant G1397. 

1 Erna H. Pearson and H. 8. Vandiver, ‘On a New Problem concerning Trinomial Congruences 
Involving Rational Integers,” these PRocEEDINGS, 39, 1278-1285, 1953. 

2H. S. Vandiver, ‘‘SSome Theorems in Finite Field Theory with Applications to Fermat’s Last 
Theorem,” these PROCEEDINGS, 30, 362-367, 1944; “On Trinomial Congruences and Fermat’s Last 
Theorem,” ibid., pp. 368-370. 

*H.S. Vandiver, “On the Number of Solutions of Some General Types of Equations in a Finite 
Field,” ibid., 32, 47-52, 1946. 

4H. S. Vandiver, ““Congruence Methods as Applied to Diophantine Analysis,’ Math. Mag., 
22, 185-192, 1948. 


A GENERALIZATION OF THE PONTRJAGIN SQUARE 
COHOMOLOGY OPERATION 


By Emery THomas* 
COLUMBIA UNIVERSITY 
Communicated by P. A. Smith, March 1, 1956 


1. Introduction—In 1949 J. H. C. Whitehead defined the Pontrjagin square,! a 
cohomology operation which he used in classifying the homotopy type of simply 
connected, four-dimensional polyhedra. In a later paper? he extended the defini- 
tion of the operation to take coefficients in an arbitrary abelian group and used the 
operation to help determine a certain exact sequence associated with a complex. 
Eilenberg and MacLane, using a different method, also defined the Pontrjagin 
square with arbitrary coefficient groups.’ The present note describes a generaliza- 
tion of this operation. 
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2. The Properties of the Pontrjagin p-th Powers.—Let K be a regular cell complex 
and nan integer. For each prime number p we define a function 


,: H" (K; Z/pmZ) > HH" (K; Z/p?mZ), (2.1) 


where m is any non-negative integer, //“(K; G) denotes the qth cohomology group 
of K with coefficients in the group G, and Z is the group of the integers. Each 
function $B, is natural with respect to homorphisms induced by mappings of one 
complex into another; hence, for each p, the function $8, is a cohomology operation. 
We call this operation the Pontrjagin p-th power. In particular, when p equals 2, 
the operation B is the Pontrjagin square defined by Whitehead.! 

These operations possess the following properties: let 7 be the homomorphism of 
Z/p’mZ to Z/pmZ which sends 1/p?mZ to 1/pmZ; denote by nx the cohomology 
homomorphism induced by 7». Let p be an odd prime (the properties of the case 
p = 2, 1.e., the Pontrjagin square, are slightly different and have already been dis- 
cussed in the literature! *). Then, for we H"(K; Z/pmZ) and v « H"(K; Z/pmZ), 


n, By(w) = UP (p-fold cup product) ; 

Bou Xv) = Bu) XK Be); (2.3) 
B,(u “ D) Y,(w) ae 3(2 Ps (2.4) 
B,(w) = 0 if dimension wu is odd. (2.5) 


The operations 8, are also easily defined in the case of the relative cohomology 
groups H"(K, L; Z/pmZ), where L is a subcomplex of K. Let w be an element of 
HL; Z/pmZ), and denote by 6 the relative coboundary homomorphism. Then 


B,5(w) = 0. (2.6) 


Let Ss denote a suspension isomorphism; using the fact that Sx can be expressed 
in terms of the coboundary homomorphism 6, we have: 


B,Sx(u) = 0, ue H” (K; Z/pmZ). (2.7) 


Let M, denote the complex projective space of 2r real dimensions (r = 1, 2, ...); 
let u, be a generator of the infinite cyclic group H?(.M,). As is well known, the s- 
fold cup product (u,)° is a generator for H?*(M,) (s = 1, 2, ...). Let a, be the 
image of u, in H?(M,; Z/pmZ). Then 


E(u) generates H*? (M,; Z/ p?mZ) & Z/p*mz; (2.8) 


hence the operation 8, is nontrivial. Further, by attaching cells onto 1/,—;, an 
example can easily be constructed of two complexes which known cohomology in- 
variants fail to distinguish as to homotopy type but which the operation [, does 
distinguish. 

3. The Definition of the Operations.—Let K” denote the p-fold tensor product of 
the chain complex K. Let z be the cyclic group of permutations of the factors of 
K?, and let 7 be its generator which increases the index of the factor by 1 mod p. 
In the group ring Z(7), set 


(3.1) 
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‘ , : . . mks , , 
Construct a z-complex W having one cell e,; and its transform 7"e; in each dimension 
1 > 0. Define the boundary homomorphism, 0, by 


062541 = Aeo;: 062; => Deo; 1. (3.2) 


Then W is a z-free, acyclic complex... Let ¢: W ® K —> K®” be a z-equivariant 
chain map with diagonal carrier. The construction of such a chain map is indi- 
cated by Steenrod.’ Consider any coefficient group A and any cochain v ¢€ C’(K?; A) 
(r > 0). For every non-negative integer 7 we define a cochain (v, 7) belonging to 
C’-"(K; A), by 
(v,2)*o = veg(e; ®@ a), oe C~K). (3.3) 
Set A* = Hom (K, Z). Then the p-fold tensor product, K*’, is a -complex; 
and there is a r-equivariant imbedding of K*? in Hom (K?, Z).° Suppose that w, 
,u, ¢K* and @ € Z(m); denote by © uw ... uy the element ® (uw @ ... ® u,) 


of K*? imbedded in Hom (K?, Z). 
Let ue C"(K) = K,*. Define a function P, mapping C"(K) to C?"(K) by 


P,(u) = (u?, 0) + (2*u?—! du, 1), (3.4) 


p’-1 
where S* = >> kT?~* € Z(x) and where we use the notation of equation (3.3). 
k=1 


Now suppose that u represents an element of Z"(K; Z/pmZ); 1.e., 6u = 0 mod 
pm. Then 


6P,(u) = 0 mod p?m. (3.5) 
Define the function $,, of formula (2.1), by 
Bluf = {Pw}, (3.6) 


where | | denotes cohomology class. 

In a manner similar to that used in relations (3.4) and (3.6), it is possible to define 
a sequence of operations B,' (¢ = 0, 2, ..., p — 3), where P,'{u} belongs to H?"+! 
(K; Z/p’mZ) and ¥,° = B,. However, in a forthcoming paper by N. E. Steenrod 
and the author, it is shown that for 7 > 0, B,' |u} has order pm and is simply the 
image of a certain cup product. 

4. Generalization to Finitely Generated Coefficient Groups.—Let Il be an abelian 
group. Eilenberg and MacLane define a commutative, graded ring, I'(II), as 
follows:* T'(II) has as generators the elements y,(x) for each non-negative integer ¢ 
and element x ¢« Il. These generators have the following relations: yo(x) = 1; 
v(x) ys(x) = (r, 8) Yras(2); y(t + y) = e v(x) y;5(y), where (r, s) is the bino- 

r+s=t 
mial coefficient. The element y,(2) has degree 2t; set T',(II) = subgroup of T 
(II) of elements of degree 2¢. Using the ring ['(II) as a ring of coefficients and re- 
stricting the group II to be finitely generated, we generalize the Pontrjagin pth 
power as follows: A sequence of operations B = [B%,|/~o is defined, such that, for 
every even integer n, 


$B. AK; 1) > A(K; TI). (4.1) 


Define a cup product, written ~’, relative to the pairing given by multiplication in 
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the ring T'(I1). Relative to this cup product, the above operations satisfy the fol- 
lowing relations: for u,v e H"(K; Il), 


Bu) ~’ Py(u) (r, 8) Bras(w), (4.2) 
Bu + v) ~ Bu) ~’ B,(), (4.3) 


r+s=t 
Bo(w) =1%,@="% (4.4) 


where | is the unit of the cohomology ring of K with integer coefficients. 
However, these relations are precisely the ones satisfied by the generators of 
T(I1); hence we can define a ring homomorphism 


YB: T(H"(K; 1)) > H*(K; TCD) (4.5) 


by By,(u) = i«B,(u), where H*(K; T()) = >> H*(K; PM) and 7x is induced 
by the inclusion homomorphism of [,(II) into ['(II). 

We observe two things about the operations in $: first, when Il = Z/pmZ, then 
r,(11) & Z/p*mZ, and ¥, in the sequence $B coincides with the Pontrjagin pth 
power defined in section 3. Second, 2: coincides with the operations defined by 
Whitehead and by Eilenberg and MacLane.* * 

The usefulness of the sequence of operations B = [B,]/—o will lie in their applica- 
tion to computing specific elements of the cohomology groups of the A(II, n) com- 
plexes.’ It is expected that the present set of properties will serve as a basis for an 
axiomatic characterization of the operations in terms of certain A (II, n) cohomology 
elements. 

* The research described in this note was done while the author was a National Science Founda- 
tion predoctoral fellow at Princeton University. 

1 J. H. C. Whitehead, Comm. Math. Helv., 22, 48-92, 1949. 

2 J. H.C. Whitehead, Ann. Math., 52, 51-110, 1950. 

3S. Kilenberg and 8. MacLane, Ann. Math., 58, 55-106, 1953; 60, 49-139, 513-557, 1954. 

4 N. Nakaoka, J. Inst. Polytech., Osaka City Univ., 4, 51-58, 1953. 

5 N. Steenrod, these PROCEEDINGS, 39, 213-223, 1953. 

6 If K is finite, then A *? is actually isomorphic to Hom (K?, Z). 


COURSE OF PRODUCTION OF AN ISOANTISERUM EFFECTING 
TUMOR HOMOGRAFT SURVIVAL IN MICE* 


By NATHAN Kauisst 
ROSCOE B. JACKSON MEMORIAL LABORATORY, BAR HARBOR, MAINE 


Communicated by C. C. Little, February 27, 1956 


For certain combinations of hosts and transplantable tumors, the pretreatment 
of the normally resistant host with cancerous or normal mouse tissues will insure the 
survival of a subsequent tumor homograft.! This altered response may be dem- 
onstrated in mice receiving a graft as long as 10 months after the tissue injection, 
but administration of the tissues after grafting fails to result in acceptance of the 
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graft.2. It has further been found that antiserums to mouse tissues, produced in 
rabbits or mice, also will effect tumor homograft survival if injected into the pro- 
spective host shortly before or up to 10 days after implantation of the graft.* 4 
It has been postulated that the survival of the homografts in mice pretreated with 
tissues is effected by the isoantiserum produced in response to the injected tissues. ® 
It was therefore of interest to determine the quantitative levels of antiserum, with 
time, in the immunized mice. The present report deals with such findings. 

Materials and Methods.—The tumor used both for immunizing mice to produce 
antiserum and for assessing the effectiveness of the antiserum in insuring homo- 
graft survival was Sarcoma I (Sal), which is indigenous to the A strain of mice. 
Antiserum was produced in C57BL/6Ks mice (2-4 months old) in response to either 
a single subcutaneous implant of live Sal (which eventually completely regressed) 
or a single intraperitoneal injection of tumor supernatant. The supernatant was 
prepared by centrifugation of a homogenate of Sal in 0.85 per cent NaCl. The 
amount of material injected per mouse was approximately 44 mg. dry weight. Suec- 
cessive bleedings of the immunized mice were made by incision of the lateral tail 
vein, and the serums were separated from the blood clot. The bleedings were made 
at 1, 4, 7, 14, 21, and 28 days and at 2, 5, and 8 months after the immunizing ma- 
terials (live tumor or supernatant) had been administered. 

The quantitative measure of the antiserums (‘‘titer’’) was the incidence of tumor 
homograft survival in mice receiving the passively transferred serums at the time 
of tumor grafting. The serums were injected intraperitoneally, in the amount of 
1 ml. per mouse. Hosts were 2-4-month-old males of the inbred C57BL/6Ks 
strain (a C57 Black subline). The tumors (Sal) were implanted subcutaneously, 
by trocar, in the suprascapular region. The course of growth of the grafts was fol- 
lowed by periodic palpation, until the animals either died with a progressively 
growing tumor or showed no sign of a growth for a consecutive period of at least 2 
months, at which time the mice were classified as “‘negative.” 

Results.—The data are tabulated in Table 1 and are shown graphically in Figure 

It is apparent that the effective antiserum began to appear quite early after 


TABLE 1 


QvuANTITY OF ISOANTISERUM PRopUCED WitH TIME IN MIcE 
IMMUNIZED WITH TUMOR MATERIAL* 

No. Dyinae witH Tumors/ No. Dyine witn Tumors 

Tora No. Mice; Ins. with Torau No. Mice; INJ. with 

ANTISERUM FROM Mice ANTISERUM FROM Mice 
Time SeruM IMMUNIZED WITH Time Serum IMMUNIZED WITH 

OBTAINED AFTER Tumor OBTAINED AFTER Tumor 

IMMUNIZATION Live Tumor Supernatant IMMUNIZATION Live Tumor Supernatant 


| day 1/12 1/9 28 days 21/22+ 9/10 
4 days 4/12 0/10 2 months 10/10 as 
7 days 14/21t 7/10 5 months 5/5 
14 days 20/207 7/10 8 months 5/5 
21 days 10/10 ae 
* Measured by incidence of mice dying with progressively growing homografts, after receiving injections of 


‘passively transferred’’ antiserum. : : : 
+ Combined data of two experiments; antiserums obtained from two separate groups of mice. 


immunization (by 4 days, in the animals immunized with live tumor), reaching ¢ 
peak at between 2 and 3 weeks. Furthermore, the production of antiserum was 
maintained, apparently in full force, for the 8 months during whico the successive 
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bleedings were made. The rate of quantitative increase in antiserum seems to have 
been higher in the mice immunized with live tumor, as compared with the rate in 
animals receiving tumor supernatant. This difference is further emphasized by the 
slower initial rate of growth of the grafts in the groups of mice receiving the anti- 
serum that had been produced in response to the injection of tumor supernatant, as 
compared with the rate in those receiving the antiserums produced in response to 
the inocula of live tume,. The difference is probably due to the larger dose of anti- 
gen in the animals imiaunized with live tumor, since the grafts may grow in size 
for as long as a week after implantation and then regress. 





HOMOGRAFTS SURVIVING 


@—— SERUM FROM MICE IMMUNIZ. WITH LIVE TUMOR 
O--- SERUM « " " " TUMOR SUPERNATANT 


PERCENT 
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5 


T 
7 14 2! 28 
DAYS 
TIME BETW. IMMUNIZ. AND BLEEDING FOR SERUM 
Fic. 1.—Increase in “titer,’’ with time, of isoantiserum effecting 
tumor homograft survival. Measurement of “titer’’ is incidence of 
homograft survival, i.e., number of mice dying with progressively 
growing grafts, after receiving passively transferred antiserum. 
Antiserums were obtained by successive bleedings of mice (at time 
intervals shown on horizontal axis) immunized with homologous 
tumor material. 








8 MONTHS 


Discussion.—The persistence of antiserum production in the immunized mice 
(for at least as long as 8 months) may account for the previously reported finding? 
that tumor homografts will survive when implanted in mice as long as 45 weeks 
after the host has been treated with tumor extract. This finding further supports 
the assumption, previously formulated,‘ that the production of antiserum may be a 
necessary condition for the survival of the homograft. 

Our observations on the course of production of the antiserum correspond to 
those reported by Mitchison® on the rate of appearance of hemagglutinin in mice 
receiving a tumor homograft. Peak hemagglutinin production was reached at 
about 15 days after the inoculation of the graft. Dr. P. A. Gorer (personal com- 
munication) has found barely detectible hemagglutinin in mice as early as 3 days 
after the immunizing stimulus of a tumor homograft, the peak titer being reached at 
about the tenth day. Whether, in our experiments, the hemagglutinating antibody 
is identical with that effecting homograft survival is still to be established. We 
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have found (unpublished data) that the effective antibody is removed by absorp- 
tion with homologous tumor tissue and, to some extent, by red cells of strain A/Ks 
mice. 

Since we have demonstrated that antiserum effecting homograft survival begins 
to appear as early as 4 days after tumor implantation, the question is raised as to 
why the tumor implants used as the immunizing stimulus themselves fail to survive. 
A possible explanation for this may be that the quantity of antiserum present 
in the early days after immunization may be insufficient to overcome the initial 
“homograft reaction’”’ engendered by the implant. We have found that this reac- 
tion is indeed present during the first 2-3 weeks after tumor inoculation but dis- 
appears thereafter. (These observations parallel those of Mitchison,’? who demon- 
strated that passively transferred lymph nodes will confer a “homograft reaction” 
in the host when taken from donors 3-10 days, but not later, after the latter had been 
exposed to an immunizing tumor implant.) The supposition of insufficient anti- 
body present in the early stages is also supported by the finding that viable homo- 
grafts are rarely recoverable from untreated mice in which the grafts have resided 
for longer than 15 days,? and this time interval appears to be the minimum period 
before peak antibody production is reached. 

In speculating on the possible mode of action of the antiserum, it may be assumed 
that two sets of events are operating simultaneously, one being the waning of the 
“homograft reaction” of the host, which normally would lead to destruction of the 
graft, and the other an adaptive alteration in the graft in response to the antiserum, 
so that it can now survive in an otherwise hostile environment. That this is a 
plausible assumption is indicated by the few observed instances in other experi- 
ments (unpublished) in which there was an initial growth of the graft, followed by 
regression and no palpable sign of a graft for as long as one month, after which the 
graft resumed progressive growth, with eventual death of the host. 

The long persistence of antibody production raises the question of the possible 
persistence of antigen in the immunized mouse. Burnet and Fenner’ have critically 
evaluated the thesis that persistent production of antibody is attributable to the 
continued presence of antigen, and they conclude that (with the possible exception 
of pneumococcus polysaccharide) it is unlikely. In our own case, if the continued 
presence of antigen is necessary, it would follow that an isoantigen, which is a nor- 
mal metabolite of the donor tissue, is not metabolized by the host. It is difficult 
to accept such a conclusion, though it is possible that the parenteral administration 
of the antigen may preclude its being available to those sites of the host where it 
would normally be metabolized. 

Summary.—An isoantiserum effecting the survival of tumor homografts was pro- 
duced in mice immunized with an implant of live homologous tumor or of tumor 
supernatant. The rate of production of antiserum was followed by bleeding the 
mice at successive intervals and testing serums thus obtained for their ability to 
insure homograft survival when passively transferred. Peak production of anti- 
serum took place at 2-3 weeks after immunization and persisted for at least 8 
months. 

* Supported by a grant-in-aid from the American Cancer Society, upon recommendation of the 
Committee on Growth of the National Research Council, and by a research grant (C 1594) from 
the National Cancer Institute, National Institutes of Health, Public Health Service. 
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t With the technical assistance of Bradley F. Bryant and Venice M. Bryant. 
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ON THE STABILITY OF THE SIMPLEST SOLUTION OF THE 
EQUATIONS OF HYDROMAGNETICS* 


By S. CHANDRASEKHAR 
UNIVERSITY OF CHICAGO 
Communicated March 5, 1956 


1. The hydromagnetic equations governing an incompressible inviscid fluid of 
infinite electrical conductivity are 
Ov; ra) m 


re) Oo [p af u| H! ) 
Ye) — H.H,) = - J = 1 
ot 7 Ox; (vite) dap Ox; ( e) Ox; (? +r + Sip (1) 


and 


a + = (Hw, — Hw, = 0, (2) 
where H, and v; (i = 1, 2, 3) denote the components of the magnetic intensity and 
of the velocity, respectively; V, the gravitational potential; p, the pressure; 
p, the density; and yu the coefficient of magnetic permeability. (In writing eqs. 
(1) and (2) the summation convention has been adopted.) The symmetry of these 
equations in H and v has been the subject of special comment by Elsasser.'. The 
equipartition between the kinetic and the magnetic forms of energy in hydro- 
magnetic turbulence has sometimes been inferred from this symmetry of the 
equations (cf. Elsasser? and Biermann and Schliiter*). But it does not appear 
to have been explicitly noticed that 


u| H|? 


= constant (3) 
8x 


a 2H : ) ' and p+pV+ 
4p 


represent an exact stationary solution of the equations though it is implicit in some 
of Walén’s‘ writings. And the stability of this solution has not been investigated. 
In this paper we shall show that it is in fact stable. 

2. Writing 
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m a ul Hi? 
h, = ( ) H,, po = p+ pV + : (4) 
tarp Sr 


we have the equations, 


(hw, — hw,) = 


2; 


OX, _ 


vy, = h,=X,(r) (say), = (), ® = & = constant, 
Ox; 


represent the initial stationary solution; and let 
vy, = X, + bu, h, = X; + bh, @® = @ + da, (8) 
represent a small perturbation of the initial state. The equations governing these 
first-order perturbations are readily found to be 
) 


6v; in X gj i X jé,) = 9) 
Ol aah, ; ; xv 


ra) ra) 
- §) X,é; — X.é) = 0, 
ol sai ah &) 


where we have used the abbreviation 
£, = 6h; — 60. 
From equations (9) and (10) we obtain 
0; O&; o 


+- 22 


= 60. 
ey a 


In addition, we have the divergence condition 


o£ i 
- = (0). 3 
Ox; ' (13) 


In considering the solutions of equations (12) and (13), we shall use the boundary 
condition 


on a bounding surface. (14) 


|The correct formulation of the boundary conditions requires some care; however, 

no essential restriction is implied by the use of the boundary condition (14). These 

matters will be considered in a more detailed paper dealing with these problems. ] 
3. To prove the stability of the solution, let 
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= £,°) cos of + £, sin at, 
6@ = 60°” cos ot + 60 sin at, (16) 


where o is the characteristic frequency to be determined. For stability it is 
necessary that o? > 0. 

With substitutions (15) and (16), equation (12) separates into the following pair 
of equations: 


(17) 


(18) 


Multiplying equation (17) by é,‘" and integrating over the entire volume of the 
configuration, we obtain 


\ ‘ 7 0& 
o {ff EY! 2 day dae dx; = 2 ify E,OX, da; dito dr3 — 
“ Or, 
O (19) 
fff (EP d@) dx, dae dax3. 
Ox; 


The second of the two integrals on the right-hand side of this equation 
vanishes on account of the boundary condition (14); and integrating the first 
by parts, we have 


| O&,“) 
fff 1E)| 2 dx, dae dx3 = fff £,OX, 5 da, daz dx3, (20) 
Uy 


the integrated part vanishing, again on account of condition (14). Now, making 
use of equation (18), we obtain 


a] ra) 5 
o | ff | eC ‘ daz, dx, dx; = fff ‘ of, — ie iat E; da, dxe dx3 = 
yee fa) : 
o fff 1E) | 2 dx, dxe daz; — fff 1 E( boo‘ D+ dx, diz dat. 
Ox; 


Again the second of the two integrals on the right-hand side vanishes, and we are 
left with 


SSS \E\2 day day day = SS Sf \E|* day dy dary. (22) 


4. From equation (22) we can deduce an integral formula for o? which enables 
the stability of the solution to be established and makes possible a variational 
determination of o°. For this purpose, introduce the vector n, which is related to 
—) in the manner 


oy, Ob 


+ > sgn (23) 


oA, 
Ox k Ox i 


Re > Te 
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and which is also solenoidal. (In eq. (23) we have suppressed the superscript in 
&.) The gradient of 6a which occurs in this equation can be eliminated by 
taking the curl of the equation; and by applying the operation of curl twice, we 


obtain 
olw re) (> ) 
—V'n, = 2V? |X, —2 s 24 
" ( : a) Ox; \ Ox; OX, a) 


This equation determines n in terms of —; with n thus defined, we can rewrite the 
integral relation (22) in the form (ef. eqs. (18) and (23)) 


wt SSS \n\? dey dirs dx; 


SSS NE? day dts das 
This equation expresses o? as the ratio of two positive definite integrals. Ac- 
cordingly, the solution is stable; moreover, it can be shown that equation (25) 
provides the basis for a variational method of determining o”. 
The explicit solution of the underlying problem in hydromagnetic oscillations 
in case the prevailing fields are axisymmetric has many interesting features. They 
will be discussed in another connection. 


(25) 


* The research reported in this paper has been supported in part by the Geophysics Research 
Directorate of the Air Force Cambridge Research Center, Air Research and Development Com- 
mand, under Contract AF 19(604)-299 with the University of Chicago. 
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86-88. 


WAVES IN A LATTICE OF SPHERICAL SCATTERERS 
By Puitie M. Morse 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Communicated March 13, 1956 


General Formulation.—The task of devising an electronic wave function in a 
periodic lattice is primarily that of joining smoothly a central-force solution, ap- 
propriate for the almost spherically symmetric atomic interiors, to a plane-wave 
solution, appropriate for the almost force-free interatomic regions. The work of 
Slater," Korringa,* and others‘ indicates that whenever it is allowable to simplify 
the problem by saying that inside a sphere of radius a the effective potential is 
spherically symmetric and outside this sphere, out to the lattice cell boundaries, 
the effective potential is zero, then a technique of joining at the spherical surfaces 
r = a will produce the appropriate solution. Several forms of joining solutions can 
be derived; the important thing is to find a form which can be easily manipulated 
for calculation. The present paper discusses a modification of those previously dis- 
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cussed, which has the advantage that the equations involve functions which either 
depend only on the sphere’s interior and not on the lattice or else depend on the 
lattice only and not on the spheres. Once these separate functions are computed, 
solutions for many specific cases can be found graphically. 

To assume that the effective potential is spherically symmetric inside the sphere 
r = a and is zero in the interspaces is to make the problem identical with the acous- 
tical problem of the transmission of sound waves through a regular array of spheri- 
cal scatterers. In both cases the equation for the wave function y in the inter- 
space is (A? + k?)y = 0, where k? is proportional to the energy in the electronic 
case and to the square of the frequency in the acoustic case. We need not know 
the details of the wave solution inside the spheres in order to determine the solution 
in the interspace; all that is needed is the value of the logarithmic derivatives, at 
r = a, of the interior radial factors for each spherical harmonic. In other words, 
if the wave function at r = a is 


Vint = p FmiY i"(8, ¢), (1) 
ml 
where Y,” are the usual spherical harmonics,® then all we need to know about the 
interior, r < a, are the values of the various g’s, defined in the equation 


OVint 
or 


I , 
= = ‘s yy gilka)F mi } ra (r = a). 
ml 


Knowing values of the g’s, the problem is essentially one of finding allowed values 
of the F’s for the required lattice of spheres, subject to the requirement that, as one 
goes from the central cell to the pth cell in the lattice, the wave is multiplied by the 
factor exp (7K-R,), where K is the wave-number vector characterizing the particu- 
lar solution and R, is the displacement vector from the origin to the center of the 
pth cell. For a given set of g’s and for a specific value of K, only for a discrete set 
of values of energy k? can a self-consistent solution be obtained for the F’s. Know- 
ing the F’s, it is, of course, easy to find the wave solution of [V? + k? — V(r)]y = 0 
inside the spheres, if this is necessary. Equation (2) is also the appropriate form 
of the boundary conditions for acoustical waves in a lattice of spherical scatterers; 
in the acoustical case the g’s may be complex numbers. 

The solution in the field-free interspace can, of course, also be expressed in terms 
of plane waves: 


vir) = > B,exp [i(K + K,)-r] (r>a), (3) 


where K, is the vector from the origin to the vth point in the reciprocal lattice; and 
the joining equations can be set up in terms of the B’s instead of the F’s. However, 
in actual practice, series (3) converges more slowly than series (1); hence it is usually 
better to solve for the F’s and then to obtain the B’s from them. 

The equation for the F’s in terms of the g’s is most easily obtained by use of the 
Green’s function for the energy k?, appropriate for the lattice, corresponding to a 
point source in the corresponding point of each cell, at the point 7 + R,, the source 
in the central cell having unit amplitude and that in the pth cell having amplitude 
exp ((K-R,): 
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exp ((1K+R, + ik|r — 1% — R,|) 
5 lr—1 — R,| 

7 at gs exp (i(K + K,)-(r — To) | 

em K+ K,\? —k? : 


GK (7 Y) = 2. 


(4) 


where 7 is the volume of one cell. These are, of course, conditionally convergent 
series; justification for their use will lie in the convergence of the integrals involving 
them. 

The integral equation for y in the interspace is then 


ey oy es | 
r) GK) (T| T,) — y(1,) IS 
v( mS | stall On, 4 Ons 


over the central sphere and over the cell boundaries. Because of the periodicity of 
the product Gy, the integral over the cell boundaries vanishes, so that, for r outside 
or on the surface of the sphere r = a, 


y(r) . [ [ve wa Gira) Jan (5 
= 0) — 0 Slo, < 
to Ody ‘ Ody ») 


where dQ is the element of solid angle sin J do dgo and dp is a vector of length a, 
of direction given by J, go. Setting r = a leads to an integral equation for y on the 
surface of the sphere, which is the equation we desire. Using equations (1) and 
(2), we obtain 

21+ 1(l — |m')! 


Fan om ‘Ss = | x 
mi LOm? (Ll + |m|)! 


~ OG kK; , 
ff Y,"(0, ¢) ac ay) + a ( oe) Yy™ (Wo, ¢o) dQ 04 | Pe (6) 


which is the fundamental set of simultaneous equations determining the F’s and 
k? in terms of K. 

Since equation (6) is a homogeneous integral equation, it has nonzero solutions 
for only certain discrete values of k?. These are the allowed levels we seek. They 
can be found by means of a variational principle, as Kohn and Rostoker‘ suggest, 
or else we can rearrange our integrations and summations so that the resulting set of 
equations for the F’s involves simpler functions. 

Equations for the F’s.—We first apply the usual*® expansion of the Green’s 
function (fora <r < R,): 


| tk , - 2 
Gx,(7| a) = + eK R» eik a + Ry — 1) dQ, 
bar Pp B 


: (l— im}\)!_. : ’ 
= ik >> (21 + 1) (+ Imi)! Y,"(9, ¢) 13 (90, go) Jilka) hi(kr) + 
ml 4 | eB! 


ee (! —|m'i ln 
2 e ~ *(2t + 1) (’ + Im’)! Vy" (30, go) Jv(ka) gilkr)- 


> #2 ,(ml| mt’) > ¥," ~™ 5, 5) eh (kR,) 


n pO 





Vou. 42, 1956 PHYSICS: P. M. MORSE 279 


where 6,, @, are the spherical angles for the vector R, and where the /’s are the Gaunt 
factors, defined by the equations 


Y,"(0, vo) Yu" (8, g) = >. T,, (ml mV’) ¥* Ore): (7) 


We also need the g factors for the spherical Bessel functions, 


a dj,(ka) 


gi(ka) = — = tan[a,(ka) ]. (8) 


qika) da 
These would be the values of the g’s of equation (2) if the effective potential inside 
r = awere zero. Tables of the a’s are available.® 
Substituting all this in equation (6), we obtain 


Pri = ka ji(ka) ily: — gi )hilka)Fmi + Ya ~! (gi! — gv)jv(ka) X 


m'l’ 
l— ml)! : = ay 
2 4. 1 ) ( > I,,(ml m I). bs 1” + \} a. mAs. dp) e hil) | Fey’, 
(i+ |m|)! px0 s 
(9) 


where, for each choice of K, k is adjusted to make the secular determinant of the 
coefficients go to zero. These are the basis of a rapidly convergent set of equations 
for the F’s. The quantities in square brackets do not depend on the sphere’s 
interiors and may be computed, once for all, for each type of lattice. The spherical 
interior enters only through the terms (g; — g/), which are, as we shall see later, 
related to the phase angles for scattering from a single sphere. These go rapidly to 
zero for increasing / and insure convergence of the series. 

Equations (9) are exact, as long as the initial assumptions (V = 0 for r > a) are 
valid. Although the derivation given above assumes a regular lattice, the same 
equation can be obtained without the assumption of regularity as long as the mean 
density of spherical centers approaches a constant value at large distances. The 
summation over p is then the summation over all other scattering centers, the pth 
one being at R,. Effects of lattice distortion may thus be computed by means of 
this same set of equations. 

From this point of view, equation (9) is an extension of the method of Foldy? 
for calculating the multiple scattering of sound from a random distribution of seat- 
terers. The quantities in the square brackets represent the effect, on the surface 
of the central sphere, of the scattering from all the other spheres. 

The basic scattering functions are thus 

M mn(K, k?) = tSmdon + 1!” D> ek™F ¥,"(0,, 6) ha(kR,). (10) 

p#0 
The functions in equation (9) are related to these in the same way as the products 
of two spherical harmonics are related to a sequence of single harmonics (see eq. 


7B: 


M™) (K, k?) = MZ = ¥1,(ml| mV) May — mn- (11) 


Substituting this in equation (9) allows us to simplify it further. We note that only 
for l’ = l, m’ = mis there a term in Y,° = | in the sum over n. Furthermore, 
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Io(ml\ ml) = (U+ | m/| yV/2Ql+ hd | m| )!, so that the 26,,,6,, term can be combined 
with the first term in the braces in equation (9). Since h; = j,; + in,, the j, term 
is cancelled out. Also, from the formula for the Wronskian for j, and n,, and from 
the definition of g,°, we have 


—ka(g: — gf)ji(ka) n(ka) = 1 — ka jka) n(ka)[g, — tan 8,(ka)], 


where 
/ 
zn, (2) 
tan [8,(z)] = — : 
n((z) 
Tables of the angles 8 are also available.® 
Finally, to simplify notation, we set 


C (ka) 


(g: — gi)j(ka) = (ka)'S (ka) ; (g, — tan B,) n,(ka) = Hem 
(ka) +1 


Equations (9) for the coefficients / then become 


gl= |m|)! (ka)!+! 


Fy, = (21+ 1)2 a 4 they By 9S Pay: (12) 


| y 
(L+ |m|)! Ci(ka) aa 
In this form the equations display their relation to those for the scattering of a 
plane wave from a single sphere with the same properties defined in equations (1) 
and (2). The phase defects 6, for such scattering are related to the functions S, 
and (,, defined above, by the equation 


(ka)?'*+'S (ka) 


13 
C (ka) on) 


tan [6,(ka)] = 
Specifically, the series for a plane wave scattered from a single sphere at the origin, 
with a perfectly reflecting boundary at infinity (not the usual perfectly absorbing 
boundary) is 


1— |m\)! 
y > (21 + 1)! met : Y,"(8, ¢)ljtkr) — tan 6, n,(kr) | (r > a) 


sag (l + lm|)! 
(l — |m|)! (ka)! Y,"(8, ¢) 


(+ |m|)! — C,(ka) er ea}. (14) 


> (21 + 1)i' 
ml 


In the case of the lattice, the solution for the wave function in the interspace be- 
tween the central sphere and the cell boundary is 


Fal: .. 
y= z. <3 [7(kr) — tan 6, n,(kr) ]. (15) 


ml (ka 

We will show later that when the cell volume becomes much larger than a’, the sum- 

mation in equation (12) approaches the values Y,"(8, ¢)B, where B is independent 

of m and I, so that, in the limit of very large spacing between spheres, series (15) 
becomes proportional to series (14), as, of course, it should. 

The functions C and S are functions of ka and depend only on the interior of the 
spheres, whereas the functions VM depend only on the lattice. 
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The Lattice Functions.—The functions M are generalizations of the Madelung 
potentials for a lattice of charged points; they are the effects, at the origin, of a 
lattice of multipoles of order m, 1, each radiating waves of wave number k and each 
differing in phase through the factor e*??, When k equals the magnitude K, 
their effects all reinforce at the origin and . becomes infinite. 

To show this more easily and also to devise a procedure for computing the M’s 
we use the same procedure as that used by Ewald* in computing the Madelung po- 
tential. We substitute for the point multipole an extended source 
rp Yi"(0p, Gp) EXP | K-R, +- (<*) — sr (16) 


Qe2l+ 3 


7 
x *k! 


p,(f) = 1! 


We obtain the Fourier series for the radiation from this distribution, then subtract 
the p = 0 term, which had to be added to get the Fourier series, and add an asymp- 
totic series which represents the difference between the spread-out sources p,(¢) 
and the correct point sources. The value of ¢ is then adjusted so that convergence 
is quickest. 

An appropriate value of ¢ is #/b+/8, which enables us to express the /’s in terms 
of the dimensionless quantities: 
(K + K,); : eo (17) 


2b’ 


W 


) 
i T 
where b is an appropriate dimension of the lattice cell, R, the vector from the 
origin to the center of the pth cell, K the phase vector characteristic of the wave 
function, and K, the vth vector in the reciprocal lattice. For example, for a simple 
cubic lattice of cell dimensions 2b, both D, and (b/7)K, have rectangular compo- 
nents which are simple integers. For a body-centered cubic lattice, we can again 
take the side of the basic cell to be 2b; then the possible components of (b/7)K, are 
all trios of integers having an even sum, and the possible components of 2D, are 
trios of integers which are either all even or all odd, and so on. 
Making all these changes, we have (assuming that + = 8b*) 
exp (2w? — 2W 


:*) . . 
wrt M nn( W, w?) =: ; =. (Wi =) ba) tee ¢,) + 


Pe eee W,? -— w? 


bom9o nf w ) + m m at W, w ) , ( 18) 
where 


iy <¢ (2w?)* 


= = V 2m s=0 s!(2s — 1) 


and 


m mn 


gan r\” 
- (7) dX exp (27iW-D, — '/ox?D,? + 2w?)- 
rV 29 \2 p#0 


2n —1—4w? 4n? — 8n —3 | 
rD,? mD,* 1 


1) mend tac (4,, dy) [ + 


where #,, ¢, are the spherical angles for vector W, and 6,, ¢, those for vector D,. 
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The quantities W,"Y,"(0,, ev) and D,"Y,,""(8,, ¢,) are polynomials of degree n in 
the three components of the vectors W, and D,, respectively. To compute M to 
four-place accuracy (for —1 < w? < 1), it is only necessary to include nearest neigh- 
bors in the asymptotic sum for m,,,, but it is necessary to include at least third- 
nearest neighbors in the absolutely convergent sum over v for M. 

As functions of w*, both gq and m,,, are integral functions; the sum over y, and 
therefore VV itself, has simple poles at w? = W,?, corresponding to the Bragg re- 
flection reinforcements mentioned previously. As functions of vector W, the 1's 
are periodic with respect to the reciprocal lattice; hence we need only compute 
them within the first cell of this lattice. Plots of some of the W’s are shown in 
Figure 1. The digital computer Whirlwind I is being used to calculate the W’s for 
—'/,< w2=<1;l1 = 0,1, 2; —l < m < l; for seven different directions for W; 
for simple, for face-centered, and for body-centered cubic lattices. 

Properties of the Solutions.—The proper dimensionless parameter for the func- 
tions S and C, for the interior of the spheres, is u = ka = ow, where ¢ = a/b 
measures the relative size of sphere to cell. To discuss the convergence of equations 
(12), we note that, for u <n, C,,(u) approaches a constant value of the order of 
magnitude of 2"T(n + '/s) and S,(w) approaches a value of the order of !/2"*'T 
(n + */5) or smaller. Equations (12) can then be rewritten as 


)! +1 


l— im o 


art , , ’ 4 fs “? 2 
to Sp(u) [w't' +! May lFmv. (19) 


a | 
Fai = (2l 1)2! Beal 
; oe (i+ m|)! Cu) oe 


The meromorphic functions (w!+! +! 7") all have simple poles at the same points 
along the real w? axis, namely, where w? = W,*. Therefore, by multiplying each of 
equations (19) by the rational function 


w? a's 
Q(W, w?) = (W?2 — w’?) I {1 — 
eS eS ee ( “A ( “i = 


(which has zeros where the /’s have poles), we obtain a set of simultaneous equa- 
tions for the F’s, with all coefficients analytic for finite values of w? as long as W 
is inside the central cell of the reciprocal lattice. It is then not difficult to obtain 
a secular determinant, the roots of which determine w? in terms of W, which con- 
verges absolutely. The quantity o cannot be larger than 7; otherwise the spheres 
would overlap and the original assumption would not hold. 

Because of the asymptotic behavior of S and C, the series coefficients in equations 
(19) decrease in magnitude rapidly as / + I’ increases, so that only a few terms in the 
series on the right-hand side need to be included to obtain quite accurate values 
for the first few roots of the secular determinant. For intersphere potentials ap- 
propriate for atoms lighter than sodium, retaining only the terms for 1 = l’ = 0 
gives values of w? which are accurate to within a few per cent. The resulting 
secular equation, 

u cot d9(u) = owM,,(W, w?) (u = ka = ow), (20) 


may be solved graphically by plotting (/o) cot 6) on the set of curves for wi/,,. 
Change of lattice size, for the same spheres, involves simply a change in scale of u 
with respect tow. For potentials appropriate for copper or iron, terms inl = U/ = 

should be included, but the 2 X 2 determinant is not difficult to solve graphically. 
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Fig. 1.—Curves for lattice functions w"*!M,,, as functions of energy parameter w? = 
(bk/w)*, for different magnitudes and directions of propagation vector W = (bK/7r). 
Dashed lines are plots of w cot 4) for graphical solution of equation (20), 
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The dashed curves in Figure | are curves of (w/o) cot 69 for the truncated Coulomb 
potential? 


(r < a) (21) 


for two values of 8 = V'/,Zaand of «. The allowed values of w? for different values 
of W can be read directly from the figures. Some of the results are shown in Figure 
2. The curves for ¢ = 0 are of course the relation w? = W? for the plane wave of 
equation (14). The other curves show the breaking of the allowed energies into 
bands as the lattice is compressed. The potential for 8 = 0.75 has no bound level; 
that for 8 = 1 has one bound level for an isolated sphere. 


| B= 0.75, 100 direction | 620.75, 110 direction 


AY) 
62 





a. 
oe 
fe) 1 Wave No. 2 


Fia. 2.—Curves of energy k? as a function of magnitude and direction of propagation vector K, 
for the potential of equation (21), for different values of ¢ = a/b. 








One sees that, as 0 = a/b goes to zero, the curves for (u/c) cot 6) on Figure | 
move away from the horizontal axis and the roots of equation (20) approach w? = 
W,?. As they recede from the horizontal axis, the curves of Figure 1 for M, for a 
given value of W, approach the vertical line w? = W,?. Near the horizontal axis 
they pull together in groups, each corresponding to a separate energy band. Be- 
low the w? axis the lowest band narrows rapidly and moves into the region for nega- 
tive w*. This corresponds to a bound level. We note that cot 6) for 8 = 0.75 is 
positive, whereas it is negative for 8 = 1: in the latter case a bound level is formed 
as o (0); in the former case this does not occur. 
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It should be noted that the number of terms required to give an accurate value of 
y is usually greater than that needed for an accurate calculation of w®. For ex- 
ample, even for 8 = 0.75, terms including | = 4 are needed in series (15) to obtain 
an accurate value of y near the cell boundary, though the 1 = 0 terms suffice to 
obtain w?. We return to this point later. 

As o — 0, or if the intersphere potential becomes small, so that all the 6,’s ap- 
proach zero, the allowed roots of the secular equation approach w? = W,*. When 
this occurs, equation (18) indicates that V,,, — [1/27?(W,2 — w)]Y,™(d,, ¢,), so 
that. 


ba/kr 2. 


Mme Y,"(0,, gy) Yy™ (8, ¢,), 


id lK K |? je? 
| + v ke 
and the sum in equations (12) becomes Y,"(#,, ¢,) times 


An/kr ae aes ; 
7) FS U ‘ul Sp(u) } v (8,, ¢y) Pav, 


B=, 
\K + K,)? = ke oa 


which is independent of m and 1, thus justifying the statements made following 
equation (15). The secular equation then becomes 


ry © 
A ae ee ee (23) 


k@eo>|K+K,2?—-—, 
| |K + K,)| :=0 


and y in the region outside the spheres is proportional to the series of equation 
(14). 

To relate this representation of y to the augmented plane-wave? representation 
outside the spheres, we can use equation (5) with the plane-wave expansion for G, 
given in equation (4). The second term in the integrand of equation (5) may 
sasily be integrated, using equation (2) and a relation®> between the Y’s and the j’s. 
The first term can also be simplified, using the relation 


S ¥."(80, ¢o) [cos 3, cos 3, + sin d, sin d, cos (¢, — ¢,) 1p ST dQX% 
= 4ni(—i)' jy(|K + K,\a) Y,"(0,, 9,). 


Therefore, a Fourier expansion for y in the interspace between spheres, an alterna- 
tive expansion to that of equation (15), is 


4a — exp [i(K + K,)-r 
ee I 


r lK + K,|? ke yu Ig = gi(\K + K,|\a)]- 
= e = ml 


J\K + K,|\ a) Y,"(0,, ¢,) Pai. (24) 


This series can be computed once k? and the F’s are obtained from equations (19). 
As a matter of fact, series (24) is capable of giving a more accurate value of y, for 
points near the cell boundary, using a smaller number of F’s, than is series (15). 
For example, for the case of 8 = 1, the approximation 


ym Sty oD HE + B) 1) folho) — NE + Ee ol io(|K + K,la) 


r “FY |K+K,|? —k® U go(ka) — tan [8:(ka)] no(ka) 
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is a better approximation for Y near the cell boundary than is the first term of 
equation (15). Serjes (24) involves quite a number of terms, but the magnitude of 
each term can be computed fairly accurately by the use of only a few F’s. 

‘ This observation illustrates the differences and the relative advantages of the 
augmented-plane-wave method of computing y and the method discussed in the 
present paper. The quantities inside the braces in equation (24) can be considered as 
the unknown coefficients (the B’s of equation [3]), and equation (5) can be integrated 
to produce a set of simultaneous equations‘ for the B’s which can be solved to find 
k? and yw. equation (5), however, involves the value and normal gradient of y 
at the surface of the sphere, where it can be represented by fewer terms in the expan- 
sion form (1) than by form (3). Therefore, the secular equation using the F’s 
involves fewer terms than does that using the B’s. Once the secular equation is 
solved, however, and the /’s are obtained, to compute W near the cell boundary it is 


often better to use series (24) than series (15) 
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DETERMINATION OF CRYSTAL STRUCTURES BY MEANS OF 
ANOMALOUSLY SCATTERED X-RAYS 
By R. Pepinsky AND Y. OKAYA 
X-KAY AND CRYSTAL ANALYSIS LABORATORY, PENNSYLVANIA STATE UNIVERSITY 


Communicated by M. J. Buerger, February 28, 1956 


A new method of analysis of noncentrosymmetric crystals has been reported 
from this laboratory by Okaya, Saito, and Pepinsky.! The method involves use 
of anomalous scattering of X-rays. When dispersion occurs, the atomic scattering 


factor, f;, becomes complex: 


(fo)) + df)’ + of f, wi. (1) 


Here (fy), is the scattering factor at infinite wave length, Af,’ is the real part of the 


change in this factor near an absorption edge, and f,” is the imaginary part on the 
short-wave-length side of the absorption edge. We found it very useful to examine 
the value of the square of the amplitude of the crystal structure factor, | Fy, * 
Fit F yy *, and the Fourier series involving these quantities as coefficients, when 
anomalous scatterers are present in the structure; we demonstrated that 
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sin 2a Ala 


-eXp Dri(hu + hi 


where 


| ae cos 2art(hu t 


Pou, v, w) oe sin 2arlhu 
It is readily shown that Pyro. con , w) is the convolution of the (now com- 
plex) electron-density function 


S 


p(r, y, 2) Do nx 


hkl 


with the complex conjugate function 


»*(z, YW, z F,,,*-exp (2mrit(ha 4 (7) 
f / nki 


It is then apparent that 7?.(u, 1, w) has peaks of height corresponding to form 
factors fifi’ + f,"f," at the points + (u,v, u t (4 re, Ye, »); and 
P,(u, v, w) has peaks of height corresponding to form factors f)fy"” — f;"f,' at points 
(u, v, w) (x, Be. Us; Ve. zy) and peaks of height corresponding 
to —(fi'fe” — fife’) at points (—u, —v, —w) (x, Ly, Yiy 2 y) 

Qur earlier communication! was concerned with a preliminary account of the 
usefulness of the function P,(u, v, u This function indicates vectors between 
unlike anomalous scatterers and between anomalous and nonanomalous seatterers, 
and it reveals the sense of the vectors between these atoms. One would ordinarily 
not expect to have more than one kind of anomalously scattering element per cell, 
for a properly selected exciting radiation. Usually, then, if Wo atoms, of one 
species only, scatter anomalously, so that f,” = O unless j = my, mo, , my, then 
P,(u, v, w) has peaks of height corresponding to the form factors ff,” at [(ry — am) 
(yy Ym), (2 2m) | and corresponding to —J,f,,” at [(r, Zs), (Ue fs), (Len 
z;)] The sense of the noncentric distribution of nonanomalous scatterers about an 
anomalous scatterer, and hence the absolute configuration, is thus established. Further 
more, the number of peaks is always very much less than the number in a normal 


Patterson map. If there are N atoms per cell, and M of these are anomalous 
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scatterers of one type only, 7’, contains M(N M) positive peaks and an equal 
number of negative peaks, 

With MW anomalous scatterers of only one species per cell (the usual case), we 
net fy’ = fr, Sy” Q for the normal scatterers, and we can write, from equation (2), 


Faei\? Feil? = 2M,” ar sin 2rlh(r, rj) thy Yj) + Ue — z;)). (8) 
r 


Thus the difference between intensities /,,, and /,,, depends on the imaginary com- 
ponent only of the anomalous seatterer and on the atomic structure factors and 
dispositions of the normally scattering atoms around each anomalous seatterer. 
The larger the component f,", the more significant is the difference /,,; Jin, and 
the more useful is the function ?’,(u, », wv). The practical limitation to the use of 
the method arises from the limits of accuracy within which the values of | Fy.) * 
and (fy ))* can be measured, 

The new function has been applied to the structure of 2{d-Co(en);|Cly-NaCl- 
OHLO (en ethylenediamine), and the structure was directly determined.? The 
method has also been successfully applied to cobaltous aspartate trihydrate® and 
to the structure of {[d-Co(en),|Br(d-tartrate)-5H.0.4 The latter structure is in 
space group /’71, and there is but one molecule per cell; hence the method is par- 
ticularly applicable to it, 

Our first use of the new anomalous-scatterer method had depended upon dis- 
persion from IX electrons in elements in the range from vanadium (23) to ruthenium 
(44). The differences between | Fy; * and | Pini)? can be expected to be  signi- 
cant if the value of f,;” is above 3.0. An examination of values of f,” values for 
these elements, as presented in the treatises of Compton and Allison® and James,® 
shows that values between 3.0 and 3.5 can be achieved if the incident wave length 
is Ka radiation from a target or from a fluorescence-excited source of an element 
from 2 to 3 atomic numbers higher than the anomalously scattering atom. La 
radiation is a preferable exciting wave length for certain elements (W La to excite 
Ni K electrons, Ir La for Cu, Au Lae for Zn, Th La for As or Se, U Lae for Br). 
It should be noted that the form factor for these anomalously scattering IK electrons 
is essentially isotropic, because the electrons involved are so close to the nuclei 
of the atoms concerned. Hence the value of (f«),” is maintained even at high 
scattering angles, and the peaks in /?’,(u, v, w) have essentially the shape of the 
electron-density peaks for the nonanomalous seatterers. This excepts, of course, 
the effeets of thermal oscillation, which may be reduced by means of a suitable 
temperature factor. The peaks may all be sharpened by the usual method of 
division of | Fy, by an average atomic structure factor for the nonanomalous 
scatterers. The influence of (fx),” is large, therefore, when the structure is com- 
prised of light atoms (carbons, nitrogens, oxygens, ete., whose atomic structure 
factors fall off fairly rapidly with increasing scattering angle) about the anomalous 
scatterer, 

X-ray tubes are commercially available for excitation of anomalous scattering 
by K electrons in V, Cr, Mn, Fe, Co, Ni, Rb, Sr, and Y. Other atoms must be 
excited by special targets in demountable tubes or by the use of fluorescent incident 
radiation. Excited fluorescent radiation should be reduced by the use of a suitable 
absorbing filter. A preferable technique utilizes a direct photon-counting detector, 
with a monochromatizing erystal set up in front of, and mounted integrally with, 
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the detector, in such a way that only the incident wave length passes through slits 
into the detector. A fluorescent source can then be used without monochromatizing 
before the erystal under study; and, of course, fluorescent radiation is prevented 
from reaching the detector, Alternatively, a suitable filter can be placed over 
the detector window. 

Dauben and Templeton’ have recently computed Af,’ and f,"” values for both 
K and L electrons in elements from Ca (20) to the end of the periodic table, and 
for Cr, Cu, and Mo Ke radiation. The calculations are based on observations 
of Eisenlohr and Miiller® and Parratt and Hempstead.’ We also have obtained 
extrapolated values of f,” for Ka radiation from Mn, Fe, Ce, and Ni targets." 
These values of f;” are very striking. For Cr Ka radiation, for example, f,;" rises 
from 2.7 for Br (35) to Lt for 1 (583). The maximum value of f,” is about 14 for 
Cs (55) excited by Mn Ka, about 13 for Ba (56) excited by Fe Ka, about 12 for 
La (57) excited by Co Ka, and the same for Ce (58) excited by Ni Ka. The 
f;” value is 7.2 for 1 (58) excited by Cu Ka and 8.3 for Cs (55) and 8.9 for Ba (56) 
similarly excited. For elements heavier than the rare earths and up to Rn (86), 
Mo Ka radiation is an excellent exciting radiation; f)” inereases from 7.4 for Ta 
(73) to 12 for Bi (83), with Mo Ka. Rh or Ag targets would also be useful in this 
range. With exciting wave lengths between Cr Ka and Cu Ka, the dispersion 
effects in this range of elements are also very significant. For Pb (82), for example, 
fr,” is 16 for Cr Ka and 9 for Cu Ka. It is generally possible to include one or 
another of atoms such as Br, Rb, Sr, Pd, Ag, Cd, Sn, Sb, ‘Te, 1, Cs, or Ba in an 
organic erystal; and others of the series can be incorporated by the “erystal- 


engineering’? methods.'' The difference between | Fy,,% and | Fy, 2? for erystals 
containing such elements, and for properly selected incident wave lengths, should 
be very large. It has been shown!’ that the values of Af,’ and f,” are effectively 
independent of scattering angle, just as in the case for the KX electrons. 

Differences between | F,,,? and | Fy, should be clearly visible in the (Ok/) 


intensities of tetragonal (ferroelectric) PbTiOs, for example, when a single-domain 


crystal is radiated with Mo Ka X-rays. Unfortunately, the specimen used in a 
recent X-ray analysis in this laboratory!’ was multi-domain, and (Ak) and (hkl) 
reflections were superposed in the scattering patterns. A 7’, map utilizing single- 
domain crystal data should reveal the structure of this ferroelectric without  re- 
is about 11, there 


” 


course to neutron-seattering information.’ The value of fp, 
is one Pb per cell, and neither Ti nor O contributes measurably to the anomalous 
scattering. The technique is presently being applied to the structure of tetragonal 
PbO, since untwinned crystals of this compound are available 

Absorption effects will be very pronounced for measurements of erystals con- 
taining elements of relatively high atomic numbers when wave lengths from 
Cr Ka to Cu Ke are used. One must then employ very small crystals and make 
absorption corrections for these. Such corrections are likely to be very difficult 
to make unless the crystal cross-sections are accurately circular. The Airbrasive 
lathe cutting method! is not suitable for cutting erystals below 0.1 mm. in diameter; 
and, indeed, no method has been introduced heretofore which will permit accurate 
cutting of cylinders with diameters below 100 uw. A new method, which serves 
excellently for crystal-shaping under a microscope, has been devised and reported 
separately.” This utilizes a high-frequency magnetostrictive transducer, to which 
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a microcutting tool is attached, and the entire cutting assembly is mounted on a 
micromanipulator, 

The present method differs from that utilized so excellently by Bijvoet et al.'* 
and Saito ef al.” The earlier methods require that the erystal structure first: be 
solved by standard methods; then certain pairs of factors | F,,., and | Fyy)) are 
examined, to permit a choice between right- and left-handed configurations. Our 
procedure is to utilize all pairs of values | F,, * and | F,,,* in the P, function and 
to obtain directly the distribution of non-centrally-related atoms around the 
anomalous scatterers. Once this distribution is determined, the complete structure 
may be found by image-seeking methods" or by various standard procedures. — In 
effect, the earlier methods used only half the available X-ray scattering data at 
the outset of the analyses and then applied differences between | Fy, and | Pras , 
after the structure was determined except for choice of hand, to deduce the absolute 
configuration. Our method utilizes all the information at the outset, and very signifi- 
cant assistance is provided in solution of the phase problem. Indeed, the method 
places the solution of noncentric crystals on a new basis; when an anomalously 
scattering element is present in a moderately complex noncentric structure, the 
X-ray analysis should now be fairly straightforward. Whereas one formerly 
sought to analyze noncentric crystals via centrosymmetric projections, at the 
outset (and difficulties often arose because of overlapping in these projections), 
the new method renders noncentric distributions containing an anomalous seatterer 
easier to analyze than centric distributions. 

Two matters should be mentioned at this point. The interpretation of the P, func- 
tion 1s unamliguous in space group P|. In other noncentric space groups it is neces- 
sary to remove ambiguities introduced by rotational and/or translational symme- 
tries. Image-seeking designed to unravel these effects should be accomplished directly on 
the P, function itself, but utilizing information concerning the positions of anomalous 
scatterers as available from the full Patterson function P, alone or the P — P, function 
discussed below, It has been found possible to compute Buerger’s image-seeking 
minimum funetion'’ in three dimensions directly on X-RAC and S-FAC; details of 
such image-seeking in the P,, P,., or P — P, functions have been reported else- 
where, ' 

The second matter concerns the usefulness of direct examination of (Akl) and 
(hkl) reflections, when anomalous scatterers are present in a structure, to establish 
whether or not the structure is centrosymmetric. This is an obvious application, 
but it has been overlooked by some investigators. Proper choice of wave length 
of the primary X-ray beam will maximize this effect. 

It is useful to examine the function P?,(u, v, w) (eq. {4!), which we have shown to 
contain peaks of height corresponding to form factors f,’f,’ + f;"f,"” at the points 
t(u, v, w), when anomalous scatterers are present. The f,"f," term will vanish 
unless both j and & refer to anomalous scatterers, and again one can usually choose 
an incident wave length such that there will be only one type of anomalous scatterer 


per cell, The 7, funetion will prove very useful when it is compared with a usual 


Patterson function without anomalous scattering. Values of Af’ for K-electron 
dispersion can be found in Compton and Allison® and in James,® and Dauben and 
‘Templeton’ provide some Af’ values for L-electron dispersion. The Af’ value 
can be very significant indeed; it is about 12, for example, for Cr Ka radiation 
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scattered by Cs or Ba,’ and 3 for Cu Ka scattered by Ni. It is well known that 
the graph of Af’ versus exciting wave lengths has very sharp peaks, in contrast 
to the variation of f” versus \; Af’ has significant (negative) values when the 
exciting wave length is very close to the absorption edge of the anomalous scatterer 
(ef. H6énl”). f,” has values only on the short-wave-length side of the absorption 
edge. 

Variations in Af’ and f” with wave length can, of course, be applied in a technique 
similar to the isomorphous replacement method.*! In contrast to the usual cases 
of isomorphous atomic replacement——e.g., Cl replaced by Br the isomorphism 
here is precise. By proper choice of exciting wave lengths and anomalous scatterers, 
it is even possible to achieve the equivalence of precise multiple isomorphism (e.g., 
I or Cs atoms seattering Cr Ka, Cu Ka, and Mo Ka radiation) 

Let us consider the function P(u, v, w) P (u,v, w), where dispersion is not 
involved in the coefficients for P(u, v, w) but 7s involved in PCa, », w). Peaks in 
this difference function will correspond to scattering factors equal to 


” 


St “3 (fa) (fo), 
Af ‘ Af, . t ‘td “f, . (fo) 7 AM, / (fo )e® Af,’ 


I( fo), Af, I[ (fo), Af,’| +f 
. : (9) 


If the jth atom scatters anomalously but the Ath does not, the peak height will be 
determined by (fy), 4f,’. Peaks representing interactions of like species of anoma- 


lous scatterers will be of height determined by 


(Af,’)? + (f;")? — 2(fo),Af,’. 


(It is to be remembered that the value of Af,’ is negative in the region of anomalous 


dispersion.) Peaks representing interactions between nonanomalous scatterers 
will, of course, not appear in the difference function. If there are M (similar) 
anomalous seatterers 7 i 2, ,m, ,M per cell, and NV M nonanomalous 
scatterers, there are MCN M) peaks of height determined by f,-A/,,’, represent- 
ing the distribution of nonanomalous seatterers about the anomalous scatterers, 
and there are WCW 1) peaks of height determined by {(Af,,')? + (fn")? 4 
2 (filme Ofm’| |. This situation is to be compared with that for the normal Patterson 
P or the P, function, where there are N(N 1) 2 peaks not related by the sym- 
metry center 

It should be emphasized that the function ? P, applies to both centrosym 
metric and noncentrosymmetric crystals or crystal projections, while 7, serves 
only for noncentric density distributions. The function ? — P, is centrosymmetric 
always and contains peaks representing distances between like anomalous seat- 
terers, When more than one of these is present in each cell, and also peaks for 
interactions between anomalous and normal scatterers. The function 7, is non- 
centric, contains interactions between anomalous and normal scatterers only, 
if only one type of the former is present per cell, and directly gives the absolute 
configuration of normal scatterers about the anomalous scatterers 
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SOUND TRANSMISSION IN THE TURTLE’S ELAR* 
By Ernest GLEN Wever AND JACK A. VERNON 
DEPARTMENT OF PSYCHOLOGY, PRINCETON UNIVERSITY 
Communicated March 10, 1956 


Though a number of writers have expressed doubts about the hearing abilities of 
the turtle, and some have gone so far as to regard its ear as degenerate and largely 
or even Wholly unresponsive to sounds, it is easy to show by both behavioral and 
electrophysiological methods that an auditory function is present. We have re- 
cently recorded the electrical potentials produced in the inner ear in response to 
sounds for a number of turtle species and have made detailed measurements on 
three of these: the wood turtle, Clemmys insculpta; the painted turtle, Chrysemys 
picta picta; and the “Cumberland” turtle, Pseudemys seripta.' These results show 
an excellent auditory function within certain limits of frequency and intensity. For 
tones up to 700 cycles, the sensitivity, when expressed as the sound pressure re- 


quired to produce some small value of inner-ear potential, is of the same order of 


magnitude as that similarly measured in the mammals, such as the cat, for the same 
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tones. As the sound intensity is increased, the inner-ear potentials rise proportion- 
ately, but only for a short range as compared with those observed in the higher 
animals. For sounds that to our ears are only moderately loud these potentials 
depart from linearity, and they continue in their nonlinear course over a considerable 
range, until finally at a high level of intensity they reach a maximum from which a 
further increase in stimulation causes a decline. At these high levels the ear is 
endangered, just as has been found to be true in the higher animals, and the main- 
tenance of sounds at these levels for a few seconds will produce a grave impairment 
of the sensitivity, 

Thus we find in the turtle’s ear the same basic phenomena that have been ob- 
served in more detail in the highly developed ears of the mammals, though with 
limitations of range along the frequency and intensity dimensions. We need to 
consider both the similarities and the differences in relation to the particular anatomy 
and physiology of the turtle’s ear. 

The turtle has a well-developed middle ear (see Fig. 1). There is a superficial 
tympanic membrane, a relatively large tympanic cavity, and an ossicular mecha- 


nism composed of two elements, the columella and extracolumella. The extra- 
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kia. | The right ear of the turtle Pseudemys scripta, seen from above. The insert on the upper 
- / Pi 
left gives an outline of the head, about one-half natural size, with the auditory struetures located 


columella consists of a cartilagenous disk that forms the inner surface of the tym- 


panic membrane, and a short process that extends inward to articulate with the 


columella. The columella is a slightly curved bony rod that enters a canal in the 
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medial wall of the tympanic cavity and runs to the otie capsule, where it expands to 
form a funnel-shaped stapes. The stapes lies in the oval window of the capsule. 
A Kustachian tube extends from the anterior portion of the tympanic cavity to the 
lateral angle of the pharynx. 

An unusual feature of this ear is the absence of any contact between the tympanic 
cavity and the otic capsule. These two are separated by bone and by a special 
fluid-filled cavity, the pericapsular recess. This recess extends along the lateral 


and posterior borders of the otic capsule and incloses both the oval and round win- 


dows of the capsule. Near the posterior end of the recess is a thin membrane that 


“é 


has usually been called the “round-window membrane” or ‘secondary tympanic 
membrane” but has no connection with the round window; we shall call it simply 
the “pericapsular membrane.”’ There is no covering of the round window itself, 
though the cochlea lies opposite this window and forms a partial obstruction to the 
free flow of fluid. Only the pericapsular membrane separates the fluid of the recess 
from that of the otic capsule. 

In our experiments we have tried to determine the contributions of some of these 
structures to the hearing process. Our method was to record the inner-ear poten- 
tials produced by sounds under normal conditions and after various alterations of 
the structures. The potentials were picked up with an electrode in the form of a 
needle, insulated except at the tip, inserted into the perilymph space of the otic 
capsule in the region of the utricle. Sounds were introduced into the ear through 
a rubber-tipped cannula applied over the tympanic membrane (without touching 
it) and sealed to the surrounding skin with petroleum jelly. The sound pressures 
at the surface of the tympanic membrane were measured with a sound probe and 
condenser microphone. The experiments were carried out on six turtles of the 
species Chrysemys picta picta and six of the species P. seripta. So far as the present 
problems are concerned, there are no differences between these two species. 

1. The Tympanie Membrane and Ossicular Chain..-Among previous writers, 
De Burlet has given the most serious consideration to problems of sound condue- 
tion in the turtle’s ear.? With special reference to Chelonia, the green turtles, he 
expressed doubts whether the drum membrane (which is several millimeters thick 
in large specimens of this genus) has any capability of movement, and suggested 
that sounds must find some other pathway to the inner ear. 

Certainly in the species that we have studied, the middle ear is the normal path- 
way for aerial sounds? When the ossicular connection is interrupted by clipping 
out a small piece of the columella, while leaving the tympanic membrane intact, 
there is a profound loss of sensitivity. Results for one of our animals are given in 
Figure 2. Here the two curves represent the sound pressures required, under 
normal conditions and after the clipping operation, in order to produce a standard 
response of 0.3 microvolt. As may be seen, there was a serious impairment at all 
frequencies as a result of the interruption of the columella. The loss in the region 
of 700-1,000 cycles was particularly great in this animal. 

More representative results are given in Figure 3. Here we show directly the 
loss of sensitivity resulting from clipping the columella, and the curve represents an 
average of observations on 8 ears. In the low frequencies the loss is around 40 db., 
indicating a reduction in the amplitude of the sounds reaching the inner ear to | 
per cent of their normal value. This reduction is somewhat greater at 700-1,000 
cycles, and then less for the higher frequencies. 
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2. The Tympanic Cavity..-The tympanic cavity consists of two connected por- 
tions, an anterior portion that lies immediately behind the tympanic membrane and 
a posterior portion that extends backward as a tubular pocket in the squamous 
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Fig. 2. Sensitivity curves before and after interrupting the ossicular 
chain. The curves show the sound pressure, in decibels relative to | dyne 
per square centimeter, required to produce a response of 0.3 microvolt 
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Fic. 3.--Losses of sensitivity caused by interrupting the ossicular chain, 
averaged for eight ears 


bone. For the procedures next to be deseribed, it was necessary to take away the 
lateral wall of the posterior portion of the cavity, and it was therefore of interest to 
discover whether this opening of the tympanic space had any effect upon sound 
transmission. 

The upper curve of Figure 4 shows some of the results, expressed as a loss of sensi- 
tivity after opening the tympanic cavity. At no point does the curve depart 
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significantly from the zero line, and hence this procedure does not have any im- 
portant effect upon the transmission of sounds. Evidently this cavity does not 
resonate to any of the frequencies within the turtle’s range, as indeed its small size 
would lead us to expect. (If the cavity is treated as a closed tube, a calculation 


indicates a fundamental resonance close to 6,000 cycles. ) 
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hia. 4 Ieffects on sensitivity of opening the tympanic cavity (solid line ) 
and blocking the pericapsular recess (broken line). 


4. The Perwapsular Recess, — After the posterior portion of the tympanic cavity 
is opened by removing its lateral wall, it is possible to gain access to the pericapsular 
recess through the medial wall. A useful landmark on the bony wall is a dark line 
representing the shadow of the cavernous sinus, a vessel containing the external 
carotid artery, internal jugular vein, and facial nerve. This sinus lies just lateral 
to the floor of the pericapsular recess and is separated from it by a thin lamina of 
bone. We penetrated the bony wall above this sinus, using great care not to dam- 
age the sinus itself 

When a small opening is made in the pericapsular recess, its fluid does not imme- 
diately flow out. The effects on the hearing are then slight, as the solid-lined curve 
of Figure 5 will indicate. Most tones showed losses of sensitivity, but these losses 
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hig. 5. Effeets on sensitivity of opening the pericapsular recess (solid 
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were never greater than 6 db., and at the two highest frequencies there were slight 
yains; the average was a loss of 3 db. 

The fluid contained in the recess was completely removed by inserting small 
pledgets of absorbent cotton. The effects of this procedure on sensitivity were 
slight also, as the broken line of Figure 5 indicates. Again the losses varied up to 
6 db., with several values on or close to the zero line; the average was 2 db. Note 
that the effect shown by this curve is simply that of removing the fluid, and to ob- 
tain the whole effect of opening the recess and removing its fluid we must add the 
two curves of Figure 5; this total loss averaged 5 db. 

The fluid of the otic capsule that is displaced by movements of the stapes must 
find relief in some manner. In birds and mammals this relief is afforded by a 
bulging or retraction of the round-window membrane, which adjoins a middle-ear 
cavity containing air. In the turtles there is no air cavity to permit this form of 
relief of the moving fluid, but a circular path for the fluid is provided to achieve 
the same result. When the stapes moves inward, the fluid movement extends 
through the otic capsule to the round window; then, by displacing the pericapsular 
membrane, it continues through the recess to the lateral surface of the stapes, as 
shown by the arrows of Figure 1. An outward thrust of the stapes of course reverses 
the direction of this circular movement 

De Burlet suggested that this arrangement in the turtle ought to give an especially 
good utilization of the stapedial movements. This suggestion hardly withstands 
scrutiny from an acoustical standpoint, and the results seen in Figure 5 do not bear 
it out in any substantial way. 

The fluid of the recess in its motion encounters a frictional resistance at the bony 
walls and in the fluid itself by reason of its viscosity, and for rapid oscillations this 
resistance might be expected to reduce the transmission. Removal of the fluid 
then would give an improvement. This does not happen, which signifies that the 
friction is small, at least in relation to other friction encountered by the system. 

The fluid of the recess also contributes mass to the moving system, and the 
observations likewise signify that this mass is small relative to other mass present 
in the system. 

Another yielding place that would give freedom for the movements of the inner- 
ear fluid needs to be considered. De Burlet regarded this yielding place for many 


amphibians as what he called the ‘“skull-base membrane,” a membranous region of 


the cranial capsule bordering on the perilymphatic sac. He described a similar 
condition in many reptilian forms also. In the turtles a portion of the floor of the 
otic capsule consists only of thin cartilage, and this thin region lies just above the 
lateral angle of the pharynx. When the mouth and pharyngeal cavities contain 
air, this region could serve as a yielding place for the fluid vibrations. ‘To test this 
possibility, we filled these cavities with petroleum jelly. No significant differences 
of sensitivity were observed as a result of this obstruction 

On the other hand, an obstruction of the pericapsular membrane, produced by 
filling the posterior part of the pericapsular recess with bone wax, had a profound 
effect. The lower curve of Figure 4 shows some of the results. The losses of sensi- 
tivity were especially grave at 700 and 800 cycles and were serious for all other tones 
except 3,000 and 3,500 cycles. These results prove that for tones up to 3,000 eyeles 
the oscillatory path extends through the pericapsular recess, as already suggested 
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Our results do not show what sensory endings of the turtle’s ear are responsible 
for the potentials produced by sounds. “There is reason to believe that the papilla 
basilaris of the cochlea plays a large role in this action. It lies opposite the round 
window, where the passage between otic capsule and pericapsular recess is particu- 
larly narrow. As all the fluid displaced by the stapedial motion must pass through 
this narrow opening, there is a marked increase in the amplitude of motion here. 
In an average specimen the area of the stapedial footplate was measured as 12.1 
sq. ram, and that of the round window as 1.5 sq. mm. Consequently there is an 


amplification in the motion at the round window of about 8-fold. We need further 


study of the relations between the cochlear endings and the fluid flow in this region 
to determine whether this amplification is fully effective. 

Other endings in the otic capsule are not so favorably situated. The lagenar 
mactla lies in a blind pocket of the same structure that contains the cochlea, and 
it is not in the immediate path of the movement. The saccular macula is in the 
main part of the capsule, directly opposite the stapedial footplate and probably in 
the path of the oscillatory movements. But this part of the capsule is wide, and 
the amplitude of fluid motion here will be no greater than at the footplate, and 
probably less. The utricular macula is situated in the superior division of the cap- 
sule, remote from the main path of the movements, 

lor the saccular endings there is a further means of stimulation by the stapedial 
motions. Extending from the footplate of the stapes to the lateral edge of the sac- 
cular macula are a great many fibrous strands, which we call the stapedeo-saccular 
strands. These strands are surprisingly strong and are under considerable tension. 
When pushed aside with a fine needle, they spring back at once, and they can be 
broken only by the exertion of a good deal of force. When the stapes is displaced 
inward or outward by microscopically visible amounts, the motion is communicated 
to the edge of the macula and to a lesser extent to the otolithic mass. We have not 
found any reference to this structure in the anatomical literature, and evidently 
it has escaped notice heretofore. We hope to study it further, but at present we 
can conceive of two possibilities for its function. It may serve an auditory function 
by communicating the vibratory motions of the stapes to the saccular macula. Or 
it may serve a hydrostatic function and represent the simple displacement of the 
stapes as the animal swims to different depths and the tympanic membrane is ex- 
posed to different water pressures. 

It is well known that efficiency in the reception of aerial sounds is achieved in the 
mammals by two forms of mechanical transformer action. These are a lever action 
of the ossicular chain and a hydraulic action arising from the difference in areas of 
tympanic membrane and stapedial footplate. Exact measurements of these actions 
have been made in the eat® and show a lever ratio of 2.5 and a hydraulie ratio of 
24.3, thus providing a total transformer ratio of 60.7. The acoustical resistance of 
the air is therefore multiplied by the square of 60.7, or 3,644, and hence is more 
suitably matched to the resistance of the fluids of the inner ear. 

In the turtle a lever system is lacking, and the areal ratio is small. The area of 
the extracolumellar disk was measured as 103.5 sq. mm. and that of the stapedial 
footplate as 12.1 sq. mm., giving a ratio of 8.5. If we assume that the condition in 
the cat is an efficient one, this factor of 8.5 is clearly inadequate by itself; if it 
operated alone, we should have difficulty in accounting for the high degree of sensi- 
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tivity that the turtle shows for the low tones. Our problem becomes easier if we 
consider also the other sort of hydraulic factor referred to above, the ratio between 
the areas of the stapedial footplate and the round window. If we use the value of 
8 for this latter ratio as suggested, the total transformer ratio becomes 68, which is 
close to the figure obtained in the cat. This second factor needs more precise de- 
termination, but it appears from this preliminary consideration that the turtle’s 
ear is well adapted to the reception of aerial sounds, at least in the low-frequency 
range. 

* This investigation was supported in part by the Office of Naval Research, under Contract 
N6-onr-270-3, and by Higgins funds allotted to Princeton University. Permission is granted for 
reproduction and use by the United States Government 

' i). G. Wever and J. A. Vernon, ‘“The Sensitivity of the Turtle’s Kar as Shown by [ts Electrical 
Potentials,’ these ProckepInGs, 42, 213-220, 1956 

27H. M. De Burlet, “Vergleichende Anatomie des statoakustischen Organs,’’ in Louis Bolk, | 
Géppert, E. Kallius, and W. Lubosch, Handbuch der vergleichenden Anatomie der Wirheltiere, 
Berlin and Wien: Urban an Schwarzenberg. 2, Part I], 1203-1432, 1934 

3 fc. G. Wever and M. Lawrence, Physiological Acoustics (Princeton, N. J Princeton Univer- 
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NEW EXPERIMENTS ON CHEMICAL PHENOCOPIES* 
By Ricnuarp B. GoLtpscumipr AND L. KK. PrrernicKk 
UNIVERSITY OF CALIFORNIA, BERKELEY, CALIFORNIA 
Communicated March 5, 1966 


In his early work on heat-induced phenocopies Goldschmidt! had shown that the 
relative frequency and the type of phenocopies produced were dependent upon the 
specific genetic background of the experimental material, Drosophila, Data were 


presented for the different responses to the same treatment of three wild-type and 
five mutant stocks. They showed that some reacted preferably with wing effects, 


some showed phenocopies otherwise not encountered, while others had a tendency 
to asymmetrical effect. Additional important findings were, in one case, the 
presence of a subthreshold (isoallelic) mutant of vestigial which was enhanced to 
high penetrance by the phenocopic treatment, and, further, two cases of production 
of a dominant effect of the recessive, which might also be described as enhancement 
of a subthreshold action of the heterozygous mutant locus. Although in later work 
by different authors the genetic element in the production of the phenocopic effect 
was noted and the enhancing effect upon subthreshold or low-penetrance genetic 
action was also encountered (e.g., Goldschmidt? Child, Blane, and Plough; 
Plaine and Glass;* Sang and McDonald’), no specific importance was attributed to 
the facts, which could be regarded as more or less expected in view of the known 
presence in all stocks of widely recombining genetic differences of the type usually 
described as modifiers. 

Since Rapoport® discovered the specific phenocopies produced by different 
chemicals, especially metal salts (later found for still other chemicals: see, e.g., 
Gloor,’? Bodenstein and Abdel-Malek,* Hinton ef al.*), a more quantitative study 
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of the phenocopic effect became possible, as is shown best in Sang and MeDonald’s® 
study of the action of sodium metaborate producing specifically the phenocopy of 
the mutant eyeless and, to a lesser extent, those of the mutants aristopedia and 
antennaless, 1 was also noted in this work though not elaborated—that different 
wild-type stocks had a different sensitivity, i.e., quantitative response, to the 
treatment and also reacted differently as to the quality of the effect. 

While performing similar experiments intermittently over the last decade, we 
had been fascinated especially by this genetic element in the phenocopic effect. 
Some results appeared which raised serious questions whether the phenomenon of 
phenocopy might not contain an important, hitherto neglected causative agent of 
genetic nature which might even require a new definition of phenocopy. This 
suggested a series of experiments, in which the standard treatment of the Drosophila 
larvae with 0.06 per cent sodium tetraborate (Na,BsO;-10H,O) was applied to 
different wild stocks, some mutants and hybrids, and was varied according to need, 
with the object of deciding whether the influence of the genetic background upon 
the changes in phenotype were not more specific than could be expected from the 
presence of general modifiers or else whether the genetic constitution of the experi- 
mental animals might be a decisive factor in, if not the actual cause of, the specific 
changes of phenotype after treatment. 

Without going into the details of the data, already based upon very large num- 
bers, the most important facts will be presented. The typical results obtained by 
all investigators (Rapoport, Sang and MeDonald; see also Gersh'® and our- 
selves) are that Drosophila larvae receiving food containing the borate developed 
into flies with the phenotype of the mutant eyeless and that this occurs in up to 
100 per cent of the individuals when the concentration of the salt approaches the 
lethal one; further, that at lower concentrations the effect decreases quantitatively 
(penetrance) and qualitatively (expressivity) and also, in regard to lethality, in 
proportion to the decrease of concentration; that the zone between 100 per cent 
effect with low numbers of survivors and complete lethality is a very narrow one; 
and that smaller numbers may also show the phenotype of aristopedia and antenna- 
less, 

The most important facts which we have to add concerning the genetic element, 
if not actually the genetic basis, of the phenomenon are the following: 

1. ‘There are strains with low sensitivity, strains with high sensitivity, and also 
strains which do not produce the eyeless effect at all, though other effects oceur. 
Strains also occur which as a rule remain normal with the standard treatment, but 
here and there a single brood reacts very strongly in all respects mentioned. There 
are further strains in which about one-half the individual experiments with constant 
concentrations of borate show only a very low incidence and low expressivity of the 
eyeless phenotype (if any), while the other half show a high effect. There are 
reasons to suppose that heterozygosity for one mutant locus is involved, as direct 
extraction of the high and low strains was possible. 

2. We could test a strain in which only the fourth chromosome (in which the 
copied mutant eyeless is located) is derived from Oregon stock (which has furnished 
the most sensitive lines), while chromosomes |, 2, and 3 were derived from a differ- 
ent, more refractory, wild-type stock. This strain reacted to the treatment as 
intensively as the most sensitive Oregon line tested by us (see also paragraph 6 


below). 
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3. The mutant ey? is recessive. Our ey? stock was 100 per cent penetrant, with 
high-grade expressivity. Untreated F, (the controls) of the cross ey? & different 
wild-type stocks sometimes show ey? completely recessive, and sometimes a small 
percentage of lowest-grade eyeless flies appear. In the crosses with strains of high 
sensitivity, more dominance and also higher grades of expressivity appear in F,, and 
vice versa in strains of low sensitivity. But unfortunately the cross with the most 
sensitive strain of all gave no dominance of eyeless!) Perhaps this has a special 
reason, namely, the great heterosis effect in this cross. We know from other experi- 
ments that heterotic F, require a much higher borate concentration for the eyeless 
effect. 

4. The mutant ey? in our stock is as a rule not clearly affected by the borate 
treatment in regard to expressivity of the eyeless character. But the heterozygote 
ey?/* reacts strongly, much more than */* flies do (already studied quantitatively 
by Sang and McDonald). Again the heterozygote with the most sensitive wild line 
shows the highest percentage incidence of eyelessness, and, in addition, the expres- 
sion of the character goes beyond that of the treated or untreated ey? stock, produc- 
ing many almost headless flies. (Though the control did not show dominance, see 
the end of paragraph 3.) 

5. While homozygous ey? is hardly enhanced by borate, the expression of 
dominant eyeless (ey”), a fourth-chromosome duplication with much lower ex- 
pressivity (in our stock) than ey’, and of a different phenotype, is greatly enhanced 
by the treatment up to the absence of eyes. (This enhancement parallels that 
found by Plaine and Glass‘) for erupt after L-tryptophan treatment, apart from the 
details involving indirect action via a suppressor.) 

6. Two different derivatives of the Samarkand stock never gave the typical 
eveless effect and are, in addition, rather refractory to borate treatment in all 
tolerated concentrations; but if they reacted, a specific effect resembling that of the 
mutant kidney was seen (as well as a Scutenick type; see below). If the fourth 
chromosome of a Samarkand line is combined with the others from a variably 
reactive stock (Canton)—-with typical eyeless effect-—-a much stronger effect upon 
the eye appears after borate treatment with a phenotype very different from that 
of the eyeless effect, namely, partly the kidney type and partly a type resembling 
the mutant small eye, i.e., small but normally shaped eyes. Heterozygotes also 
show the specific effect. However, in an experiment with a stock containing 
chromosomes 1, 2, and 3 from a Samarkand line and chromosome 4 from another 
stock (lowa), typical eyeless phenocopies were produced. The absence of the 
typical eyeless effect seems therefore to be based upon something in the fourth 
chromosome of Samarkand. 

7. Another type of eye change after borate treatment was confined thus far to 
the stock spineless (ss). The eyeless effect has never been produced in this stock, 
but, instead, a condition of the eye closely resembling the mutant Lobe, especially 
the one studied by Zimm!'' in which the surface of the eye increases and becomes 
crinkled and forms excrescences, while, simultaneously, the antenna on the same 
side becomes duplicated. 

8. Another well-known borate effect is the production of the phenotype of the 
lower grades of the mutant aristopedia (more or less of a tarsus, instead of the 
arista of the antenna). Aecording to Bodenstein and Abdel-Malek,* this phenocopy 


is typically produced by mustards. In borate experiments it is independent of the 
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eyeless effect, inasmuch as one may appear without the other, but, as a rule, the 
aristopedia type appears only when a strong eyeless effect is produced. No wild- 
type line has been found meanwhile with a specific tendency for aristopedia effect. 
But there are lines which never produced an aristopedia type in spite of other strong 
reactions. This again led to the suspicion that the aristopedia effect requires the 
presence of a genetic basis. It is now known that the mutant aristopedia (ss*) is an 
allele of spineless (ss), one of the rare cases in which two alleles seem to affect com- 
pletely different organs (though some but not all ss* lines have shorter bristles). 
It is possible that a pseudoallelic condition will be found, but that does not affect 
the present analysis. In view of the borate phenocopy of ss* the idea arose that 
spineless might contain a high potency for the aristopedia effect, but at a sub- 
threshold level. Treatment of spineless and also heterozygous spineless with 
borate actually produced the aristopedia phenotype with higher penetrance and 
higher expressivity than in the experiments with wild-type stocks. It should be 
added that in this case no eyeless effect occurs, but rather the Lobe phenotype. 
This is clearly a very suggestive result. 

9. A number of other specific phenocopies after borate treatment, limited to 
specific stocks, were found, of which the most remarkable is the Seulenick syndrome, 
a continuous series of changes of scutellum and thorax, beginning with one scutellar 
bristle missing and leading up to a characteristic type of split thorax. The lower 
types are identical with the fourth-chromosome dominant Scutenick, which pheno- 
type includes also an effect upon the ocelli in both mutant and phenocopy. Two 
of our lines reacted specifically with this phenocopy. One, an Oregon line (our 
Oregon-Dempster), is a very weak line of low fertility and, in addition, very sensitive 
to borate treatment, as low a concentration as 0.04 per cent being almost lethal. 
Even with this sublethal treatment, the eyeless effect occurs only with low pene- 
trance and expressivity. The other stock, Samarkand, is rather insensitive and is 
completely without the eyeless effect, as reported. These facts led to a study of the 
mutant Seutenick (Sen, a fourth-chromosome dominant). In our stock, Sen is 
balanced over ey”, a fourth-chromosome duplication with a low-grade and atypical 
eyeless effect, i.e., different from the mutant ey? in our stock, But the Sen pheno- 
type had disappeared from this stock for years—as happens in stocks—and the 
most careful serutiny of the controls did not reveal a single fly. After borate 
treatment, a considerable percentage exhibited the Sen phenotype! It is difficult 
to refrain from speculating that the Samarkand and Oregon-Dempster stocks con- 
tained a subthreshold allele of Sen. But here again is a possibly contradictory fact: 
A line with chromosomes 1, 2, and 3 from Samarkand and chromosome 4 from Lowa 
produces, under strong treatment, a few Scutenick individuals. Unfortunately, 
lowa stock, which might be responsible, is not available any more. 

10. In the same experiments with Sen/ey”? most of the flies with visible Sen 
characters showed also an extreme enhancement of the expression of the ey” effect, 
and we had met previously with such enhancement in treated hybrids of ey? x 
Oregon (of a very sensitive Oregon line), Thus we had in the latter case enhance- 
ment within a normally recessive heterozygote, i.e., from a subthreshold action of 
the one dose of the recessive to a more extreme action than even the homozygous 
recessive, (Change of dominance is another way of describing the facts. This 


description, however, does not show the relation of this enhancement to the others. ) 
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In the eyeless dominant case we had an enhancement in grade of a visible character; 
in the Sen case, the rise above the threshold of visibility of the action of a mutant 
known to be present but kept below the threshold action by unknown conditions in 
the stock. (One might also describe this as Sen having become recessive and being 
made dominant again by the treatment.) But it should be added to this discussion 
that the original Sen mutant was described (see Bridges and Brehme) as affecting 
the eye, at least at lower temperature. Therefore, it cannot be excluded that the 


described extreme effect upon the eye is not due to enhancement of ¢ y? but, rather, 


is a part of the evoked Sen phenotype. The fact that all Sen types up to the most 
extreme can be produced in Samarkand stock without any eye effect is not in favor 
of such an interpretation. 

11. In another set of experiments, possibly all these types of enhancement of 
genetic actions were involved, Podoptera is a wing mutant known to be present in 
most stocks with a penetrance of less than | per cent, which can be increased by 
selection, differently in different lines. In most of the lines studied the penetrance 
of podoptera can be doubled or tripled by the borate treatment. In the case of 
absence of podoptera in the controls there is no way of deciding whether an ex- 
tremely low-penetrance podoptera mutant is present or not. But it is certain that 
in one line (Samarkand inbred) with about 0.06 per cent penetrance in the controls 
the treatment always enhances the penetrance up to 40 per cent, Le., about 600 
times. No other line showed such an extreme effect. But in a homozygous podop- 
tera stock, constant for 2-3 per cent penetrance, the increase was not very con- 
siderable. ‘Thus podoptera with smaller penetrance than the lowest podoptera 
stocks (i.e., in unselected stocks) is enhanced by borate treatment, and genetic 
conditions exist (podoptera is polygenically controlled) which make this enhance- 
ment extreme in certain lines. Since different lines have podoptera factors of 
different penetrance, down to a fraction of 1 per cent, which is enhanced by treat- 
ment, and since some lines do not show any podoptera at all in untreated flies within 
the limits of the experiment but produce them after treatment, it is impossible to 
say whether a border line exists between less and less penetrant podoptera factors 
and their complete absence, 

It is clear that all these facts individually and taken as a whole are very thought- 
provoking and that one cannot help questioning whether some or all phenocopies 


“ee 


are not due to the bringing “into the open” of already present subthreshold effects 
of alleles of the lowest order. Because an incontrovertible proof for such a solution 
of the problems of phenocopy would have tremendous consequences, and because 
there are many facts which require the old definition of phenocopies as induced, 
purely modificatory copies of mutant actions, it is preferable to wait for the outcome 


of further experiments before proposing an interpretation 
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ANTISERA THAT BLOCK CELL DIVISION IN DEVELOPING 
LGGS OF SEA URCHINS* 


By Atserr TyLer AND JoHN W. BrookBANkt 
CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA, CALIFORNIA 


Communicated by A, H. Sturtevant, March 9, 1956 


2 


As part of a program of investigation’: * * of problems of fertilization and early 
development, the senior author has prepared antisera against various materials 
obtained from eggs, sperm, embryos, and adults of several species of sea urchins. 
In the course of the tests on developing eggs, it was observed that certain of the 
antisera blocked cleavage very effectively. The various antisera produced against 
fertilizin were found to be particularly effective cleavage-blocking agents. This 
seemed of special interest, since fertilizin is known'~* to be the sperm-receptor sub- 
stance that constitutes the surface coat of the egg and is now chemically rather well 
defined, The cleavage-blocking action was therefore further investigated. In the 
present paper the results of a survey of the action of various kinds of antisera are 


presented. 


MATERIAL AND METHODS 


Antiseya were prepared in rabbits against materials of the sea urchins Strongylo- 
centrotus purpuratus, S. franciscanus, Lytechinus pictus (Newport Bay, California), 
and Arbacia punctulata (Woods Hole, Massachusetts). The rabbits were first bled 
for control sera several days before injection. The immunization schedule generally 
consisted of two intravenous and one intra-abdominal injections per week for three 
weeks, The rabbits were usually bled on the fifth and seventh days and sometimes 
on the ninth day after the last injection. The nitrogen content of the total amount 
of antigen that was injected ranged from about 2 to 2.5 mg., except for the fertilizin 
preparations, which were 0.8-1 mg. The preparation of fertilizin from the eggs, 
antifertilizin from sperm, and antifertilizin from eggs was according to previously 
deseribed': * methods which, in the case of fertilizin and antifertilizin from sperm, 
yield highly pure solutions. For the preparation of sea-urchin “blood” the coelomic 
fluid of unripe animals was bled through a puncture in the peristome, and the 
clotted cells were centrifuged, washed in sea water, and then homogenized. For 
epidermal antigen the sea-urchin tests were thoroughly washed, all soft tissue 
scraped from the inside, and the portions containing the rows of tube feet were dis- 
carded. The remainder was ground in diluted (30 per cent) sea water, centrifuged 
at about 1500 * g for 15 minutes, and the sediment discarded. For antigens of the 
various developmental stages the fertilized eggs were cultured, with precautions 
to insure uniformity. The embryos were centrifuged at the desired stage, washed 
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in sea water, and then homogenized in | per cent NaCl in the cold. The suspen- 
sions of embryos in swimming stages were made 0.0001 molar in NaCN to immobilize 


the embryos so that they could be more readily sedimented. Motility returned 


to these after centrifugation and washing. 
For the tests on the developing eggs the antisera and control sera were dialyzed 
in the cold against sea water. Between tests the sera were stored in the frozen state. 


Both unheated sera and sera heated at 56° C. for '/, hour, to inactivate complement, 
were tested. The eggs to be tested for cleavage block were demembranated 1-2 
minutes after fertilization by drawing them up into a syringe through a 20-gauge 
hypodermic needle; they were then washed, and 0.1 ml. of the suspension, contain- 
ing about 100 eggs, was added to 0.1 ml. of the full-strength serum or dilutions 


thereof, at the specified times after fertilization. They were cultured at 17° C. 


RESULTS 


Table 1 lists the number of rabbits that produced or failed to produce cleavage- 
blocking antisera in response to immunization with the various antigens. The 


TABLE 1 


Propuction oF ANTISERA THat Block CLEAVAGE oF EGas or Strongylocentrotus purpuralus AND 
Lutechinus pictus 
No. Propucinea ANTISERA 
Puat Brock CLEAVAGE OF 
No. or S. purp L. pretua 
IMMUNIZING ANTIGEN Rawsuits MKS eggs 


None 53 l l 

S, purpuratus 
Fertilizin 10 10 10 
Univalent fertilizin 3 3 2 
Fertilizin-treated sperm 3 
Whole sperm 5 
Antifertilizin from sperm ) 
Nucleoprotein from sperm 
Antifertilizin from eggs 
Iixtract of fertilized eggs 
Iextract of hatched blastulae 
Iixtract of gastrulae 
Iuxtract of prism larvae 
extract of pluteus larvae 
Blood 
Extract of epidermis 


wRMwnw—— a 


a 
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. pictus 

Fertilizin 

Fertilizin-treated sperm 
Whole sperm 

Antifertilizin from sperm 
Antifertilizin from eggs 
Extract of fertilized eggs 
Homogenate of 16-cell stage 
oxtract of hatched blastulae 
oxtract of gastrulae 
oxtract of prism larvae 
extract of epidermis 


Nee KK Shwe 


franciscanus 
Fertilizin 
Whole sperm 


. punctulata 

Fertilizin 

Antifertilizin from sperm 
Antifertilizin from eggs 
Blood 
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tabulation is based on whether or not one or more of the serum samples of the 
rabbit blocked cleavage, two or three different bleedings having been tested, 
each two or more times. The criterion for blocking was whether or not develop- 
ment was stopped before the 32-cell stage when the eggs and full-strength sera 
were mixed at 10-15 minutes after fertilization. 

In the control tests (pre-injection bleedings) one serum was encountered that 
blocked S. purpuratus eggs and one that blocked L. pictus eggs. ‘These two sera 
were small samples that were left over from other kinds of experiments. Unfortu- 
nately, there was only enough for one test with each, and no check could be made 
on possible abnormal conditions in these sera. In view also of the lack of blocking 
effect of control sera from the other 51 rabbits, it appears that little weight need 
be given to the exceptions. 

Of the 10 rabbits injected with S. purpuratus fertilizin, all produced antisera that 
blocked cleavage of the homologous eggs and of those of L. pictus. Of the 5 rabbits 
that were immunized with L. pictus fertilizin, 3 produced similarly cytotoxic anti- 
sera. ‘lwo rabbits that were injected with S. franciscanus fertilizin both produced 
active antisera, but 2 that received A. punctulata fertilizin did not. Fertilizin that 
had been rendered nonagglutinating (“univalent’”’) by heat treatment® retained its 
ability to induce the formation of cytotoxic antisera, as indicated in the table. Of 
22 rabbits that received whole sperm, the antifertilizin preparation, or nucleoprotein 

-from sperm of these four species, only | produced a cleavage-blocking antiserum, 
and its effect was comparatively weak. Injection of 8 rabbits with blood or with 
extract of epidermis of these sea urchins failed to yield blocking antisera. Extracts 
of the unfertilized, jellyless eggs (antifertilizin), of fertilized uncleaved eggs, and 
of developing embryos at various stages up to the pluteus stage were effective in 
most cases, as the table shows, but in general the antisera had weaker action than 
had those produced by immunization with fertilizin. 

When the developing eggs are cultured in increasing dilutions of a blocking anti- 
serum, the blocking effeet and ensuing cytolysis are progressively delayed. The 
following data exemplify this relationship in a test of the degree of development 
attained in 3 days at 17° C. when S. purpuratus eggs, 15 minutes after fertilization, 
are added to serial twofold dilutions of an antiserum against S. purpuratus fertilizin. 


Senum Diturion 
2X tol6x 32 4 & 128 x 256 x 512*x 1,024 


Stage at 72 hr l-cell t 2-f 1-{ 16-4 $2- to 64-f  Blastulat Prism to plutei 


The eggs and embryos in the dilutions up to 512 had cytolyzed, as indicated by 
the dagger (+). Those in the 1,024-fold dilution of this serum were alive but re- 
tarded with respect to the controls. In many other similar titrations appropriate 
dilution of a cleavage-blocking antiserum resulted in blocking of development at 
practically any later stage. When swimming embryos are introduced into undiluted 
cleavage-blocking antisera at various later stages of development, they are almost 
immediately immobilized. Cytolysis ensues in about the same time as for the un- 
cleaved eggs, and dilution of the antisera delays the effect correspondingly. Cross- 
reaction occurs also between embryos and antisera of S. purpuratus and L. pictus. 

Antisera that had been heated to 56° C, for '/, hour to inactivate complement 
were compared with unheated antisera in 12 tests and showed no significant reduc- 


tion in cleavage-blocking action. 
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DISCUSSION 

It has long been known that antisera prepared against cells or cell extracts of 
various organisms can inhibit division of the cells and can induce other eytotoxic 
effects. In recent years cytopathogenic sera have been studied primarily by workers 
in the field of tumor research, where efforts have been directed toward the de- 
velopment of a tumor-specific antiserum. Among current investigations in this 
field may be mentioned the work of Nungester and Fisher,’ Imagawa et al.,* and 
Mountain.’ The new feature of the present work is that the block to division can 
be obtained with an antiserum produced against a cell constituent that is chemically 
rather well defined and whose primary location is known. In sea urchins fertilizin 
constitutes the gelatinous coat and surface of the unfertilized egg.'~* It is a glyeo- 
protein containing roughly equal amounts of sugars, amino acids, and sulfate. In 
the species thus far examined, there are usually two kinds of sugars and some four- 
teen kinds of amino acids in the molecule.2: * ' Preparations are readily obtained 
that are electrophoretically and ultracentrifugally homogeneous and whose purity 
can be further demonstrated by tests of absorption with homologous sperm. Its 
molecular weight, in different species, is near 300,000, with an axial ratio of 20:1.° 

Biologically, fertilizin represents the specific receptor substance for the attach- 
ment of the sperm and is largely responsible for the tissue- and species-specificity 
of fertilization. 

In the cleavage-blocking tests the gelatinous coat and fertilization membrane 
are removed from the eggs, the action of the antisera being very much retarded if 
these are present. The fact that the fertilizin-antisera act on the denuded eggs 
implies that the surface of the latter has antigens in common with fertilizin. This 
may be related to the cytofertilizin reported by Motomura'! and may also account 
for the re-fertilizability of fertilized eggs.'* The later stages presumably also retain 
fertilizin-like antigens on the surface. These common antigenic structures are 
evidently not simply “species antigens,” since the antisera are effective on the 
embryos of a heterologous species of sea urchin 

Experiments on cell-division-blocking antisera have generally been performed 
with whole cells, homogenates thereof, or particulate extracts as antigens. The 
present results point to the desirability of employing, as immunizing antigen in 
such experiments, cell-surface constituents obtained by mild extraction procedures 


An indication that such methods may also be effective with cells of higher animals 


appears in experiments by Billingham and Sparrow,'* who noted that saline wash- 


ings of dissociated epidermal cells of rabbits could induce an iso-immunization, as 


evidence by accelerated incompatibility reaction to skin grafts 


SUMMARY 

Cell division in developing sea-urchin eggs can be blocked by rabbit antisera 
against homologous fertilizin (the surface coat of the unfertilized egg) and, some 
what less effectively, by antisera against other extracts of the eggs and embryos at 
various stages of development. Antisera against sperm are ineffective in’ this 
regard as are also antisera against blood and epidermal tissue of the adult. Cross- 
reaction occurs with related species of sea urchins. Inactivation of complement 
does not reduce the blocking action of the antisera. Upon dilution of the fertilizin- 
antisera, development is blocked at progressively later stages of development 
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INHIBITION OF DIVISION AND DEVELOPMENT OF SEA-URCHIN 
MhGGS BY ANTISERA AGAINST FERTILIZIN* 


By ALpert TyLer AND Jonn W. BrookBANKt 
CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA, CALIFORNIA 
Communicated by A. H. Sturtevant, March 9, 1956 


In the previous paper! it was reported that rabbit antisera prepared against fer- 
tilizin of sea urchins were effective in blocking cell division and development of the 
fertilized eggs. The results of some further investigations of this action are pre- 
sented here. The materials and testing methods were the same as previously de- 
scribed, except where otherwise noted. 

EXPERIMENTS 

Development in Immune Sera.-As noted in the previous paper, rabbit antisera 
prepared against the fertilizins of the sea urchins Strongylocentrotus purpuratus and 
Lytechinus pictus can block division before the first cleavage when added to the de- 
membranated eggs a short time after fertilization. The amount of developmental 
progress attained is a function of the strength of the antiserum. An antiserum that 
blocks division before the first cleavage when used full strength will, upon dilution, 
permit development to proceed to progressively later stages of cleavage and em- 
bryonic development. 

Cytological studies have been made of eggs that have been treated with strong 
antiserum at various times in the division eyele. These have shown that nuclear 
as well as cytoplasmic division is arrested and that mitosis may be stopped at prac- 
tically any stage of the cycle, there being no evidence of a specially sensitive phase. 
The strongest antisera so far available, permit, when used full strength, an amount 


of development equivalent to approximately one-fifth to one-fourth of a division 
eycle. Thus, for example, eggs of Lytechinus that take 95 minutes for the first divi- 
sion at 17° C. will make about 20 minutes’ developmental progress in an undiluted 





Von, 42, 1956 ZOOLOGY: TYLER AND BROOKBANK 309 


strong fertilizin-antiserum regardless of what time after fertilization they are intro- 
duced. If placed in the antiserum less than 20 minutes before the first cleavage, they 
can complete this division. Antisera of this strength can be diluted 16- to 32-fold 
and still block the first division if the eggs are introduced less than 10 minutes after 
fertilization. No marked changes are observed initially in eggs whose division has 
been blocked by antiserum. After a time, however, cytolytic effects become evident, 
as shown in Figure 1. The time at which cytolytic changes are observed is also a 
function of the strength of the antiserum. In the strongest sera this can occur within 
2'/, hours in the two species investigated. 

A relatively short exposure to strong antiserum suffices to block division irreversi- 
bly. In a series of six experiments with eggs of S. purpuratus, placed in undiluted 
antiserum (capable of blocking first cleavage when diluted 16-fold) 10-15 minutes 
after fertilization, exposures of 30 minutes completely inhibited division. With ex- 
posures shorter than 15 minutes, normal development ensued, and between 15 and 30 
minutes there was partial inhibition. 

As noted in the previous paper, antisera that block division in early cleavage 
stages also inhibit the development of embryos introduced at later stages. No de- 
tailed investigation has, as yet, been made of the effect on cell division in embryos 
in blastula and later stages, but a number of the cleavage-blocking antisera have 
been titrated with respect to their cytolytic and lethal action on the embryos in 
blastula, gastrula, prism, and pluteus stages. Comparison of the results of the tests 
on the embryos with those on the uncleaved eggs showed no significant difference 
with allowance for about twofold range of variation, in the serum dilutions and 
time in which the lethal effects were obtained. 

Absorption Experiments..-Most of the fertilizin-antisera were found to possess 
agglutinins for the homologous sperm. Thus, of 25 cleavage-blocking antisera 
against fertilizin of S. purpuratus, 17 agglutinated sperm with titers (on | per cent 
suspension) ranging from 2 to 128. There was no evident correlation between sperm- 
agglutinating action and cleavage-blocking effect, especially as the latter effect: was 
exhibited also by sera possessing no demonstrable sperm agglutinins. However, in 
view of the possibility that nonagglutinating (‘univalent’’)? antibodies might be in- 
volved, cleavage-blocking tests were made with sperm-absorbed antisera. In ten 
tests, cleavage-blocking activity remained after removal of detectable sperm agglu- 
tinin. In three of these, a reduction of blocking activity was noted, The maximum 
reduction obtained may be illustrated by the results of an experiment with an S 
purpuratus fertilizin-antiserum that had an agglutination titer of 128 on sperm 


Absorption with homologous sperm removed detectable sperm agglutinin. When 
the antiserum was titrated on fertilized uncleaved eggs, the following results were 


obtained for the maximum development obtained in 3 days: 


Diners 
2% to 16 2» , 128 » 256 12x 
Unabsorbed l-cellt -, 2 16-T SY - Mostly bottom- 
swim, blast. t 
Absorbed l-cellt 2-, 4- -, &- 16-, 32-7 (4-, blastula Top and bhottom- 
swim. blast. and 
Kast 


The dagger (1) indicates that cytolysis has taken place. In this experiment the re- 
duction in cleavage-blocking action is approximately the equivalent of that which 
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Kia. L.--Inhibition of division of fertilized, demembranated eggs of the sea urchin Strongylocen- 
trotus purpuralus by treatment with a rabbit antiserum against homologous fertilizin. a-—f: 
antiserum-treated eggs; a’f’: controls at the same time of development. [Eggs placed in antiserum 
at 15 minutes after fertilization and photographs taken at 2(a, a’), 3(b, 6’), 4(e, e'), 5(d, d’), 6Ce, 
e’), and 26(f, f’) hours (at 17° ©.) after fertilization. Magnification, 175. 
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would be obtained by dilution of the antiserum to about 75 per cent. This would 
correspond to the removal of about 25 per cent of the blocking antibodies. The re- 
sults of two other experiments showed somewhat less effect, and the remaining 
seven showed no significant reduction. 

As previously noted,' antisera against sperm, or against antifertilizin, have no 
cleavage-blocking action. These antisera agglutinate sperm with titers in many 
cases greater than 1,000. Evidently the antibodies against sperm do not have 
cleavage-blocking action. One may, then, interpret the reduction of cleavage-block- 
ing action, in certain fertilizin-antisera after absorption with sperm, to mean that 
some of the antibody molecules in these sera are capable of reaction with both sperm 
and eggs. 

The cleavage-blocking action of the fertilizin-antisera can be completely removed 
by absorption with unfertilized eggs and by fertilized, demembranated eggs in early 
cleavage stages. Antisera that have a titer of 16-32, with respect to blocking of the 
first cleavage, are rendered noninhibiting when absorbed for about | hour with an 
equal volume of a 50 per cent suspension of the eggs. 

Antisera have been absorbed also with living embryos. In tests on uncleaved 
eggs, a considerable reduction of cleavage-blocking action was found. ‘Thus, in one 
detailed experiment with an antiserum against fertilizin of S. purpuratus, three suc- 
cessive |-hour absorptions with a total of 0.9 volume of packed gastrulae were re- 


quired to remove the immobilizing and cytolytic action of the antisera on these 


embryos. In tests on the uncleaved eggs, the following results were obtained for 
developmental progress in two days: 


DimuTIioN 
1x & ix i & 4» 128 X i & 512% 


Unabs. l-cellt 1-cellt -, 2- -, &- Ca. 32-t Blas- Karly Gas-  Castrula 
tulat trula 
Absorbed Ca. 32- Early blas- Blas- Karly gas- Gastrula Gastrula Gastrula CGastrula 
cellt tulat tulat trula 
The absorption with gastrulae evidently removed a large amount, but not all, of 
the cleavage-blocking antibodies. It can be estimated, in this experiment, that 
about 10 per cent of the blocking activity remains after the absorption, 

Precipitation Tests.—-In the cleavage-blocking antisera the fertilized eggs exhibit, 
after a period of time, a dark irregular outline on the surface of the ectoplasmic 
layer, and later a distinct membrane (precipitation membrane) appears. ‘The reac- 
tion of the antisera with material of the ectoplasmic layer is further shown with 
solutions of the latter. Such solutions, prepared by extracting suspensions of fer- 
tilized, demembranated eggs with Ca-free artificial sea water, give distinet preeipi- 
tates when mixed with cleavage-blocking antisera. No precipitate was obtained 
with normal serum or antiserum that had been absorbed with fertilized eggs so as to 
remove cleavage-blocking activity. 

Effect on Tension at the Surface When eggs are centrifuged at fairly high speeds, 
they become elongated and constrict into two fragments across the axis of stratificea- 
tion. Determination of the forces required for such separation has been used* as a 
method for estimating tension at the surface. Tests with unfertilized, jellyless eggs 








$12 ZOOLOGY; TYLER AND BROOKBANK Proc. N. A. 5S. 


in antiserum showed an increase of approximately 40 per cent, over eggs in normal 
serum, in the force necessary to separate the egg into light and heavy halves. 

Oxygen Consumption of Antiserum-treated Eggs.—Measurements of the rate of 
uptake of oxygen showed a marked temporary increase when cleavage-blocking 
antiserum was added to suspensions of unfertilized eggs. In experiments with eggs 
of S. purpuratus, antiserum or control serum was added to the eggs from the side 
arm of the Warburg flasks at 60 minutes after fertilization (18° C.). The rate in 
antiserum increased to a maximum at 20-40 minutes that was about 4.5 times the 
rate of the controls and then returned to the control value during the next 40 min- 
utes. The total O, consumption by the antiserum-treated eggs during the 80-minute 
period was 2.5 times that of the eggs in control serum. 

Sodium Content of Antiserum-treated Eggs.—-\t is known‘ that sea-urchin eggs 
have the same sort of unequal distribution of certain ions with respect to the me- 
dium as do many other types of cells, Na* and Cl~ being very low inside the egg and 
K* very high. ‘Tests were therefore made to determine whether or not this dis- 
tribution was upset by treatment with antiserum. The determinations have, so far, 
been made on Na*, by a colorimetric method® with fertilized eggs of S. purpuratus 
treated with blocking antiserum and control serum. The eggs were packed by 
centrifugation after 2 hours in the sera, cytolyzed in distilled water, and aliquots 
analyzed after deproteinization. While precautions were taken to insure that ex- 
perimental and control tubes of packed eggs contained close to the same amount of 
supernatant and interstitial fluid, the relatively high Na* content of the latter 
served to make this the largest source of error. The results of a triplicate set of ex- 
periments showed that within a margin of error of some 20 per cent there was no 
increase in the Nat content of the antiserum-treated eggs. 


SUMMARY 


Rabbit antisera against fertilizin of sea urchins can block cell division in the early 
cleavage of the egg and can also inhibit the development of embryos introduced at 
later stages. ‘The blocked eggs and the embroyos later undergo cytolysis in the 
immune sera, the dilutions and times at which this effect is obtained being similar 
for all stages investigated. Nuclear as well as cytoplasmic division is inhibited by the 
antiserum, Mitotic progress in strong antiserum is less than one-fourth of a division 
cycle, with no indication of a selective action on a particular mitotic phase. Swim- 
ming embryos in blastula to pluteus stages are almost immediately immobilized by 
strong antiserum. Absorption with sperm generally removes no detectable amount 
of cleavage-blocking antibodies but in some cases may reduce the titer by 25 per 
cent, Absorption with gastrulae can remove about 90 per cent of the cleavage- 
blocking antibodies, Precipitin tests show a reaction of the blocking antisera with 
extracts of the ectoplasmic layer of the fertilized eggs. 

Treatment with antiserum increases the tension at the surface of the egg. The 
rate of oxygen uptake is temporarily increased by treatment of the fertilized eggs 
with blocking antiserum. Determination of the sodium content of the eggs shows 
no significant increase upon treatment with antiserum 

The cell division-blocking action of the fertilizin-antisera may be attributed to an 


initial reaction with surface constituents of the demembranated fertilized eggs that 
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bear antigenic structures in common with fertilizin and that persist, for the most 


part, in the later embryos 


* This investigation was supported by a research grant (C-2302) from the National Cancer 
Institute of the National Institutes of Health, Public Health Service We are indebted to Miss 
Mary Jones for her excellent assistance in this work An abstract has been published in Setence, 
122, 881, 1955 
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